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Introduction
Following Cryer (FB, 1976)†, a FREE BOUNDARY PROBLEM (FBP; 
p lu ra l  FBPs)  may  be  de f ined  as  a  s t eady-s ta te  boundary  va lue  p rob lem,  
t y p i c a l l y  a n  e l l i p t i c  p a r t i a l  d i f f e r e n t i a l  e q u a t i  o n  w i t h  a s s o c i a t e d  
b oundary  cond i t ions ,  which  has  to  be  so lved  in  a  domain ,  pa r t s  o f  
whose boundaries, the FREE BOUNDARIES (FB; plural FBs) are unknown 
and  must  be  de te rmined  as  par t  o f  the  so lu t ion .   Correspondingly ,  
a MOVING BOUNDARY PROBLEM (MBP; plural MBPs) or STEFAN PROBLEM  
m a y  b e  d e f i n e d  a s  a  n o n - s t a t i o n a r y  o r  t i m e - d e p e n d e n t  b o u n d a r y  v a l u e  
p r o b l e m ,  n a m e l y  a  p a r a b o l i c  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  w i t h  
a s s o c i a t e d  i n i t i a l  a n d  b o u n d a r y  c o n d i t i o n s ,  w h i c h  h a s  t o  b e  s o l v e d  
in a time-dependent space domain with MOVING BOUNDARIES (MB; plural MBs). 
S i n c e  t h e  F B  o r  M B  h a s  t o  b e  d e t e r m i n e d  a s  p a r t  o f  t h e  s o l u t i o n  i t  c a n  
r e a d i l y  b e  s h o w n  t h a t  s u c h  p r o b l e m s  a r e  i n h e r e n t l y  n o n - l i n e a r .  
   H e a t  c o n d u c t i o n  o r  d i f f u s i o n  p r o b l e m s  w i t h  p h a s e  c h a n g e s  f r o m  
s o l i d ,  l i q u i d  o r  v a p o u r  s t a t e s  c o n s t i t u t e  a  l a r g e  c l a s s  o f  M B P s .  
A  s i m p l e  e x a m p l e  i s  t h e  m e l t i n g  a n d  f r e e z i n g  o f  i c e / w a t e r  w h i c h  w a s  
f i r s t  s t u d i e d  b y  S t e f a n  ( 1 8 8 9 )  a n d  a f t e r  w h o m  t h i s  c l a s s  o f  p r o b l e m s  
i s  n a m e d .  F B  a n d  M B P s  o c c u r  i n  m a n y  a r e a s  o f  p r a c t i c a l  i n t e r e s t  s u c h  
a s  t h e  m e t a l ,  g l a s s ,  p l a s t i c s  a n d  o i l  i n d u s t r i e s ,  s p a c e  v e h i c l e  
d e s i g n ,  p r e s e r v a t i o n  o f  f o o d s t u f f s ;  c h e m i c a l  a n d  d i f f u s i o n  p r o c e s s e s ,  
s t a t i s t i c a l  d e c i s i o n  t h e o r y ,  s e m i c o n d u c t o r s ,  a s t r o p h y s i c s ,  m e t e r e o l o g y ,  
g e o p h y s i c s  a n d  p l a s m a p h y s i c s  ( r e f e r e n c e s  a n d  d e t a i l s  a r e  g i v e n  i n  
s e c t i o n  6) .  
†  The  re fe rences  a re  sp l i t  in to  two  sec t ions ,  one  fo r  moving  and  one  fo r  
f ree  boundary problems.  References  in  sect ions  1-6 are  for  the  former 
unless  prefixed FB. 
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T h e  m a i n  p a r t  o f  t h i s  s u r v e y  i s  c o n c e r n e d  w i t h  t h e  n u m e r i c a l  
s o l u t i o n  o f  M B P s .  T h e  n e e d  f o r  a n  u p - t o - d a t e  s u r v e y  i s  a p p a r e n t  
f r o m  t h e  l a r g e  a m o u n t  o f  r e s e a r c h  e f f o r t  e x p e n d e d  o n  t h e s e  p r o b l e m s  
i n  r e c e n t  y e a r s ,  e s p e c i a l l y  w i t h  r e g a r d  t o  t h e  m u l t i - d i m e n s i o n a l  
c a s e .  E a r l i e r  s u r v e y s  h a v e  m a i n l y  c o n c e n t r a t e d  o n  t h e  o n e  ( s p a c e ) -  
d i me n s i o n a l  p r o b l e m,  s e e  M u e h l b a u e r  a n d  S u n d e r l a n d  ( 1 9 6 5 ) ,  
B a n k o f f  ( 1 9 6 4 ) ,  R u b i n s t e i n  ( 1 9 7 1 ) ,  B o l e y  ( 1 9 7 2 ) ,  C r a n k  ( 1 9 7 5 ) .  
M o r e  r e c e n t  s u r v e y s  h a v e  i n c l u d e d  m u l t i - d i m e n s i o n a l  a p p l i c a t i o n s ,  
s e e  F u r z e l a n d  ( 1 9 7 4 ) ,  C r a n k  a n d  F o x  i n  O c k e n d o n  ( 1 9 7 5 ) ,  M e y e r  
( 1 9 7 5 a , 1 9 7 6 ) ,  H o f f m a n n  ( 1 9 7 7 ,  I - I I I ) ;   t h e  r e f e r e n c e s  i n  O c k e n d o n  
a n d  H o f f ma n n  b e i n g  t h e  mo s t  c o mp r e h e n s i v e  a n d  c o n t a i n i n g  ma n y  
p r a c t i c a l  a p p l i c a t i o n s .  
I n  t h e  f o l l o w i n g  s e c t i o n s  t h e  f o r m u l a t i o n s  o f  M B P s  a n d  t h e i r  
a p p r o x i m a t e  a n a l y t i c a l  a n d  n u m e r i c a l  s o l u t i o n s  a r e  d i s c u s s e d .  T h e  
t e r m i n o l o g y  u s e d  i n  t h e  h e a t  c o n d u c t i o n  c o n t e x t  i s  e m p l o y e d  i n  
o r d e r  t o  f i x  i d e a s .  F o r  c o m p l e t e n e s s ,  a  b r i e f  s e c t i o n  o n  t h e  f o r m u l a t i o n  
a n d  n u m e r i c a l  s o l u t i o n  o f  F B P s  i s  i n c l u d e d  i n  o r d e r  t o  b r i n g  t h e  l i t e r a t u r e  
o n  t h e  s u b j e c t  u p - t o - d a t e .  T h e  r e f e r e n c e s  a r e  s p l i t  i n t o  t w o  p a r t s ,  
one for MBPs and one for FBPs. 
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1. Classical formulations of MBPs
A  s i m p l e  e x a m p l e  o f  a  M B  ( S t e f a n )  p r o b l e m  i s  t h e  o n e - p h a s e ,  
o n e - d i m e n s i o n a l  m e l t i n g  i c e  p r o b l e m .  T h e  c l a s s i c a l  f o r m u l a t i o n  o f  
t h e  p r o b l e m  i s  t o  f i n d  t h e  p a i r  o f  u n k n o w n s  ( u ( x , t ) , s ( t ) ) ,  w h e r e  
u ( x , t )  d e n o t e s  t h e  t e m p e r a t u r e  d i s t r i b u t i o n  i n  s p a c e  x  a n d  t i m e  t ,  
a n d  s ( t )  t h e  p o s i t i o n  o f  t h e  i c e / m e l t e d  w a t e r  i n t e r f a c e  ( M B ) ,  
s u b j e c t  t o  t h e  e q u a t i o n s  ( i n  t h e i r  s i m p l e s t ,  n o n - d i m e n s i o n a l  f o r m ) :  
,0t,)t(sx0,2x
u2
t
u ><<
∂
∂=∂
∂     (1.1) 
( t h e  g o v e r n i n g  p a r t i a l  d i f f e r e n t i a l ,  h e a t  c o n d u c t i o n  e q u a t i o n )  
,0t,0xon1u >==         (1.2) 
( t h e  f i x e d  b o u n d a r y  c o n d i t i o n ,  c o n s t a n t  t e mpe r a t u r e )  
⎭⎬
⎫
=
=
0s
0u
  a t  t   =   0   ( i n i t i a l  c o n d i t i o n s )  ,        (1.3) 
              (1.4) 
 
⎪⎭
⎪⎬
⎫
−=∂
∂
=
dt
ds
x
u
0u
  on the MB  x  =  s(t),  t  >  0.         )6.1(
)5.1(
E q u a t i o n  ( 1 . 5 )  d e n o t e s  t h e  p h a s e  c h a n g e  t e mpe r a t u r e  o n  t h e  i s o t h e r m 
x  =  s ( t )  w h i c h  i s  mo v i n g  a w a y  f r o m t h e  h e a t  i n p u t  b o u n d a r y  x  =  0 .  
E q u a t i o n  ( 1 . 6 )  i s  k n o w n  a s  t h e  ' S t e f a n  c o n d i t i o n '  a n d  i s  d e r i v e d  
f r o m  h e a t  b a l a n c e  a r g u m e n t s  a t  t h e  M B . T h i s  c o n d i t i o n  e x p l i c i t l y  
r e l a t e s  t h e  v e l o c i t y  o f  t h e  M B ,  d s / d t ,  w i t h  t h e  h e a t  f l u x ,  ∂ u / ∂ x ,  
o n  x  =  s  ( t ) .  T h e  p r o b l e m  i s  o n e - p h a s e  i f  i t  i s  a s s u m e d  t h a t  t h e  
s e m i - i n f i n i t e  b l o c k  o f  i c e  x  >  s ( t )  i s ,  a n d  r e m a i n s ,  a t  u  =  0 .  
  T h e  c o r r e s p o n d i n g  t w o - p h a s e  p r o b l e m  i s  t o  f i n d  t h e  t r i p l e  
 w h e r e  u 1  a n d  u 2  d e n o t e  t h e  t e m p e r a t u r e s  i n  ))t(s),t,x(2u),t,x(1u(
e a c h  p h a s e ,  e . g .  l i q u i d  a n d  s o l i d  r e s p e c t i v e l y .  A n  e x a m p l e  o f  t h i s  
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w o u l d  b e  t h e  f i n i t e  b l o c k  o f  i c e ,  ,1x)t(s0 ≤≤≤ w h e r e  )t,x(u2  
i s  n o t  c o n s t a n t .  I n  t h i s  c a s e  t h e r e  i s  o n e  g o v e r n i n g  e q u a t i o n  
(1 .1 )  fo r  each  phase  and  the  MB condi t ions  a re  
)8.1(
)7.1(
)t(sxon
,
dt
ds
xÝ
2uÝ
xÝ
2uÝß
2
1xÝ
uÝ
,02u1u
=
⎪⎪⎭
⎪⎪⎬
⎫
−=−⎥⎦
⎤⎢⎣
⎡
==
 
T h i s  c a n  b e  g e n e r a l i s e d  t o  m u l t i - p h a s e ,  m u l t i - M B P s  w i t h  d i f f e r e n t  
p h a s e  c h a n g e  t e m p e r a t u r e s  o n  e a c h  M B .  F o r  e x a m p l e ,  t h e  
m e l t i n g  a n d  s o l i d i f i c a t i o n  o f  a l l o y s  i n v o l v i n g ,  a  m i x t u r e  o f  
t w o  o r  m o r e  m e t a l s ,  C h u a n g  e t  a l .  ( 1 9 7 5 ) ,  o r  t h e  a b l a t i o n  
o f  t h e  a l l o y  w a l l s  o f  a  s p a c e  v e h i c l e  w h i c h  l e a d s  t o  a  t h r e e - p h a s e ,  
s o l i d - l i q u i d - v a p o u r ,  p r o b l e m  w i t h  t w o  M B s ,  K o h  e t  a l .  ( 1 9 6 9 ) .  A  
p i e c e  o f  i c e  i m m e r s e d  i n  w a t e r  r e p r e s e n t s  a  t w o - p h a s e  p r o b l e m  w i t h  
t w o  M B s ,  C a n n o n  e t  a l .  ( 1 9 6 7 ) .  
 M o r e  g e n e r a l  f o r m u l a t i o n s  o f  t h e  c l a s s i c a l  p r o b l e m  a r e  b a s e d  
o n  c o m b i n a t i o n s  o f  t h e  f o l l o w i n g : -  
(a)       N o n - l i n e a r  g o v e r n i n g  e q u a t i o n s ,  e . g .  i n  t h e  h e a t  c o n d u c t i o n  
      p roblem where  there  a re  tempera ture-dependent  thermal  proper t ies  
        c ( u ) ,  k ( u ) ,  ρ ( u )  a n d  i n t e r n a l  ( b o d y )  h e a t i n g  f u n c t i o n  Q ( x , t )  i . e .  
  ,)t,x(Q
tÝ
uÝ)u(k
xÝ
Ý
tÝ
uÝ)u(c)u( +⎥⎦
⎤⎢⎣
⎡=ρ        (1.9) 
o r  i n  n o n - s t e a d y  f l o w  t h r o u g h  a  p o r o u s  m e d i u m ,  -  t h e  f i l t r a t i o n  
p r o b l e m  d i s c u s s e d  b y  F u l k s  a n d  G u e n t h e r  ( 1 9 6 9 ) ,  G r a v e l e a u  a n d  J a m e t  
( 1 9 7 1 ) ,  K a m i n  ( 1 9 7 6 ) ,  P e l e t i e r  a n d  G i l d i n g  ( 1 9 7 6 ) ,  C a n n o n  a n d  F a s a n o  ( 1 9 7 7 ) ,  
   ,1>m,)mu(
xÝ
Ý
=
tÝ
uÝ
2
2
    (1.10) 
M o r e  g e n e r a l  n o n - l i n e a r  f o r m s  a r e  g i v e n  i n  H o f f m a n n  ( 1 9 7 7 ,  I I I ) .  
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I f  c o n v e c t i o n  e f f e c t s  i n  t h e  l i q u i d  p h a s e  a r e  s i g n i f i c a n t  
t h e n  a  c o n n e c t i v e  t e r m  x/u ∂∂ν ,  w h e r e  v  i s  t h e  v e l o c i t y  o f  t h e  
l i q u i d  p h a s e ,  n e e d s  t o  b e  a d d e d  t o  t h e  g o v e r n i n g  c o n d u c t i o n  e q u a t i o n ,  
H a i t z  a n d  t f e s t w a t e r  0 - 9 7 0 ) ,  K r o e g e r  a n d  O s t r a c h  ( 1 9 7 4 ) .  
   T h e  h e a t  c o n d u c t i o n  e q u a t i o n  m a y  a l s o  b e  c o u p l e d  w i t h  another 
e q u a t i o n  s u c h  a s  o n e  d e s c r i b i n g  m a s s  t r a n s f e r ,  e . g .  m o i s t u r e  m o v e m e n t  
a n d  t e m p e r a t u r e  d i s t r i b u t i o n  i n  h u m i d  p o r o u s  f l o w ,  A g u i r r e - P u e n t e  
and  F remond  (1975 ) ,  Mikha i l ov  (1975 ,  1976 ) ;   h e a t  a nd c o n c e n t r a t i o n  
d i f f u s i o n ,  M e b d i t c h ,  T a y l e r  i n  O c k e n d o n ,  ( 1 9 7 5 ,  p p .  1 1 2 ,  1 2 0 ) ;  
t e m p e r a t u r e  a n d  p r e s s u r e  d i s t r i b u t i o n s  i n  m u l t i - p h a s e  f l o w ,  K o h  
e t  a l .  ( 1 9 6 9 ) .  
( b )  T i m e - d e p e n d e n t  o r  n o n - l i n e a r  f i x e d  b o u n d a r y  c o n d i t i o n s ,  e . g .  
    .0xon)t,u(g
x
uor)t(h
t
uor)t(u ==∂
∂=∂
∂φ=         (1.11) 
S p a c e - d e p e n d e n t  i n i t i a l  c o n d i t i o n s ,  e . g .  
                   (1.12) ,0=tat)x(u=u o
 (c) S p a c e  a n d  t i m e - d e p e n d e n t  p h a s e  c h a n g e  t e m p e r a t u r e s ,  
 ,)t(sxon)t,x(u 1 =μ=             (1.13) 
a n d  v a r i a b l e  t h e r m a l  p r o p e r t i e s  a n d  h e a t  s o u r c e  ( o r  s i n k )  
f u n c t i o n  i n  t h e  M B  c o n d i t i o n ,  
.)t(s=xon)t,x(+
dt
ds
)t,x(=
xÝ
uÝ
2μλ           (1.14) 
A  p a r t i c u l a r  c a s e  o f  ( 1 . 1 4 )  i s  X  -  0 ,  i . e .  t h e r e  a r e  C a u c h y  
d a t a  p r e s c r i b e d  o n  t h e  M B .  S u c h  p r o b l e ms  h a v e  b e e n  t e r me d  i m p l i c i t '  
M B P s  b y  S a c k e t t  ( 1 9 7 1 a )  s i n c e  t h e r e  i s  n o  l o n g e r  a n  e x p l i c i t  
r e l a t i o n s h i p  f o r  t h e  p o s i t i o n  o r  v e l o c i t y  o f  t h e  M B  i n  t e r m s  o f  u  
o r  i t s  d e r i v a t i v e s .  T h i s  c a u s e s  d i f f i c u l t i e s  i n  b o t h  t h e o r e t i c a l  
a n d  n u m e r i c a l  t r e a t m e n t s .  I m p l i c i t  M B P s  a r i s e  i n  b i o m e c h a n i c s ,  
C r a n k  a n d  G u p t a  ( 1 9 7 2 a ) ;  s t a t i s t i c a l  d e c i s i o n  t h e o r y  ( s e e  s e c t i o n  6 ) ;  
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B i n g h a m  p l a s t i c  f l o w ,  R u b i n s t e i n  ( 1 9 7 1 ) ;  f i l t r a t i o n ,  V e n t c e l  
( 1 9 6 0 ) ;  d i f f u s i o n  f l a m e s ,  S a i t o h  ( 1 9 7 2 ) .  
  S c h a t z  ( 1 9 6 9 ) ,  h a s  s h o w n  t h a t  t h e  t r a n s f o r ma t i o n s  
 ,
t
uvor
x
uv ∂
∂=∂
∂=         (1.15) 
w i l l  t r a n s f o r m  t h e  i m p l i c i t  λ  =  0  c a s e  i n t o  t h e  e x p l i c i t  λ≠0         
c a se .  Howeve r ,  such  t r ans fo rma t ions  a r e  no t  a lways  pos s ib l e  o r        
m a y  i n t r o d u c e  s i n g u l a r i t i e s  i f  a n y  o f  t h e  d a t a  Q ,  φ ,  h ,  g ,   ou ,
1μ o r   t h e  a b o v e  e q u a t i o n s  a r e  z e r o  o r  d i s c o n t i n u o u s ,  s e e        2μ
Tayler in Ockendon (1975, p.125). 
 I n  gene ra l ,  ( 1 .14 )  may  t ake  t he  non - l i nea r  func t i ona l  
r e l a t i o n s h i p  
,)t(sxon0)t,
dt
ds,x,
t
u,
x
u,u(F ==∂
∂
∂
∂     (1.16) 
see Hoffmann (1977, III), and the practical examples given by Ciment and 
Guenther (1974), Meyer (1975b), Chuang et al. (1975), Friedman and Jensen (1975) 
   Proofs  of  the exis tence and uniqueness propert ies  of
c lass ica l  so lu t ion  to  MBPs  have  been  main ly  res t r i c ted  to  the  one-
d imens iona l ,  one-phase  case .  For  exp l ic i t  (S te fan- type)  MB 
conditions,  proofs have been given by Evans (1951),  Cannon et al . 
(1970) ,  Rubinstein (1971); for implicit  MB conditions by Schatz 
(1969), Sackett (1971a), Sherman (1971). Smoothness, differentiability 
and monotonicity properties of the MB have been discussed by 
Friedman (1968),  Schaeffer (1976).  Two and three-phase problems
have been t reated by Cannon et  a l .  (1975),  Fasano and Primicer io
(1977) ;  non- l inear  problems are  d iscussed  in  Hoffmann (1977, I I I ) .
For  more general ,  mult i -dimensional  problems the resul ts  need to 
be expressed  in  te rms of  weak so lu t ions  which  are  cons idered  in  the  
following section. 
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In three (space)-dimensions )z,y,x(x =   the two-phase MBP is   
 ,Tt0,2,1i,iDx,Q)uk(t
uc <<=ε+∇∇=∂
∂ρ     (1.17) 
 ,Tt0,iDx,)t,x(ighihut
u <<∂ε+−=−∂
∂     (1.18) 
)20.1(
)19.1(
,0tat
)x(f)0,x(f
)x(u)0,x(u
o
o =⎪⎭
⎪⎬
⎫
=
=
)22.1(
)121(
,Tt0,0)t,x(fMBtheon
qnL
2
1n
uk
mu)t,x(2u)t,x(1u
<<=
⎪⎭
⎪⎬
⎫
+νρ−=⎥⎦
⎤⎢⎣
⎡
∂
∂
==
 
w h e r e ,  i n  t h e  h e a t  c o n d u c t i o n  c o n t e x t ,   d e n o t e s  t h e  t e mp e r a t u r e  iu
in  each  phase  i  =1 ,2 ,  the  phase  change  t empera tu re (cons t an t ) ,  Mu
L  t h e  l a t e n t  h e a t ,  n  t h e  o u t w a r d  n o r ma l  t o  t h e  M B  f  ( x , t ) =  0 ,  a n d  
 t he  ve loc i t y  o f  t he  MB in  t he  no rma l  d i r ec t i on ;  21 DDD ∩=  nν
a n d   d e n o t e s  t h e  i n t e r i o r  a n d  b o u n d a r y  o f  t h e  r e g i o n  2D1DD ∂∩∂=∂
i n  F igu re  1 .  The  t he rma l  p rope r t i e s  c ,  ρ ,  k ,  body  hea t i ng  func t ion  
Q  and  MB hea t  source  q  may  be  func t ions  o f  u ,x  and  t  o r  may  vary  
be tween  phases . 
 
       MB f(x,t) = 0 
Figure 1  - Two "-phase region with a MB 
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Pa te l  (1968)  showed tha t  the  MB condi t ion  (1 .22)  can  be  
s i m p l i f i e d  b y  u s i n g  d i f f e r e n t i a l  r e l a t i o n s h i p s  o n  t h e  i s o t h e r m  
( 1 . 2 1 ) ,  e . g .  to  
     ,)t,y,x(szon
t
zL
2
1z
uk
2
y
s2
x
s1 =∂
∂ρ−=⎥⎦
⎤⎢⎣
⎡
∂
∂
⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂+⎟⎠
⎞⎜⎝
⎛
∂
∂+  (1.23)  
f o r  t he  ca se  q  =  0 .  Th i s  i s  an  exp l i c i t  r e l a t i onsh ip  fo r  t he  
component   of  grad u in  terms of  derivat ives of  the MB curve z/u ∂∂
0)t,x(f = w r i t t e n  a s  z  =  s ( x , y , t ) .  S i m i l a r  r e l a t i o n s  h o l d  f o r  t h e  
o t h e r  two  componen t s   andx/u ∂∂ y/u ∂∂ .  Th i s  fo rm i s  u se fu l  f o r  
deve lop ing  app rox ima t ions ,  t yp i ca l l y  f i n i t e -d i f f e r ence  ones ,  f o r  
the components  of  grad u,  see Sikarskie  and Boley (1965),  Laza r id i s  
(1970),  Rathjen and J i j i  (1971),  Crank and Gupta (1975),  Furzeland 
(1977,  Ch.4) .  The  corresponding form for  the  two-dimensional ,  one -
phase  p rob l em wi th  MB y  =  s (x , t )  i s  
 
.)t,x(syon
t
yL
y
u
x
y1k
2
=∂
∂ρ−=∂
∂
⎥⎥⎦
⎤
⎢⎢⎣
⎡ ⎟⎠
⎞⎜⎝
⎛
∂
∂+          (1.24)
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  2.      Alternative formulations - enthalpy, veak solutions and variational           
inequalities
C e r t a i n  c l a s s e s  o f  M B P s  m a y  b e  f o r m u l a t e d  i n  s u c h  a  w a y 
t h a t  t h e  M B  c o n d i t i o n s  ma y  b e  a b s o r b e d  i n t o  t h e  n e w  g o v e r n i n g  
e q u a t i o n s  a n d  t h e  n e w  p r o b l e m ma y  b e  s o l v e d  w i t h o u t  a n y  e x p l i c i t  
r e f e r e n c e  t o  t h e  p o s i t i o n  o f  t h e  M B  o r  t o  t h e  M B  c o n d i t i o n s .   T h e  
p o s i t i o n  o f  t h e  M B  i s  l o c a t e d ,  a  p o s t e r i o r i ,  w h e n  t h e  s o l u t i o n  i s  
c o mp l e t e .  T h i s  r e f o r mu l a t i o n  ma y  a l s o  b e  e f f e c t e d  f o r  F B P s ,  s e e 
later. 
One of  the ear l iest  such formulat ions was based on use of                  
the heat  enthalpy (content  or  internal  energy)  funct ion H(u)  as                
f i rs t  used by Albasiny+(1956),  Rose (1960),  with theoret ical 
justif icat ion by Kamenomoatskaj .a  (1961),  Oleinik (1960).  Using               
heat  balance arguments ,  the two-phase MBP (1.17) ,  with MB           
condit ions (1.21)  and (1.22) ,  can be reformulated as  the s ingle            
equat ion over  the whole domain D 
,Tt0,Dx,Q)uk(
t
)u(H <<ε+∇∇=∂
∂  ( 2 . 1 )   
o r  i n  i n t e g r a l  f o r m  o v e r  a n  a r b i t r a r y  v o l u m e  V  o f  D  
  ,0dtd}Q)uk(
t
H{
T
O V
=∇−∇∇=∂
∂∫ ∫    ( 2 . 2 )  
where  H(u)  represen ts  the  sum of  the  sens ib le  and  la ten t  hea t  con ten t  
Szekely and Themelis (1971), Hodgkins, Longworth, Tayler in Ockendon 
(1975, pp.26, 54, 120),Shaxnsundar and Sparrow (1975).  The MB 
cond i t i ons  have  been  abso rbed  i n to  (2 .1 )  by  t he  de f in i t i on  o f  H , 
Budak e t  a l .  (1965) ,  Bonacina  e t  a l .  (1973) ,  
∫ ς−ς+ςς= U RU M ,d)u(Lp)(c)(p{)u(H    (2 .3)  
† Albasiny does,in fact,  mention earlier use of this idea by                          
Evres et al.  in 1946. 
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where   i s  an  a rb i t ra r i ly  chosen ,  re fe rence  t empera ture                 MR uu <
a n d  δ  i s  t h e  D i r a c  ( i m p u l s e )  f u n c t i o n ,  s e e  F i g u r e  2 .  
H ( u )  h a s  a  j u m p  d i s c o n t i n u i t y  a t  u  =  o f  t h e  f o r m  Mu
        ( 2 . 4 )  [ ] ,pL)u(H 21M =
a n d  d H / d u  i s  i n f i n i t e  a t   I f  e q u a t i o n  ( 2 . 1 )  i s  i n t e g r a t e d              .uu M=
over a small volume V around the MB, and the limit fit  0t →δ  taken,          
then  the  Stefan  condi t ion  (1 .22)  i s  obta ined ,  Shamsundar  and  Sparrow 
( . 1 9 7 5 )  .   T h i s  d e mo n s t r a t e s  t h e  e q u i v a l e n c e  o f  ( 2 . 1 )  t o  t h e   
c l a s s i c a l  p r o b l e m  ( 1 . 1 7 ) ,  ( 1 . 2 1 )  a n d  ( 1 . 2 2 ) .  
 
F igure  2  -Has  a  func t ion  of  u .    F igure  3 -u  as  a  func t ion  of  H. 
 
I f  H  and  k  a r e  known  func t ions  o f  u  ove r  t he  r eg ion  o f  so lu t i on  
D ,  o r  o v e r  e a c h  s ma l l  v o l u me  V  o f  D ,  e . g .  b y  s t a n d a r d  t a b l e s  o r  
expe r imen ta l  da t a ,  t hen  t he  numer i ca l  so lu t i on  can  p roceed  and  t he            
MB i s  g iven ,  a  pos t e r io r i ,  by  va lues  o f  x  whe re  ,uu M=  s ee  Hodgk ins           
i n  O c k e n d o n  ( 1 9 7 5 ) .   I f  s u c h  r e l a t i o n s  a r e  n o t  k n o w n  t h e n  t h e  
d e f i n i t i o n  ( 2 . 3 )  i s  u s e d  a n d  t h e  d i s c o n t i n u o u s  n a t u r e  o f  H ( u )  i s  
app rox ima ted  by  smoo th ing  t he  j ump  a t  u ,  ove r  t he  sma l l  i n t e rva l  M
[ u M - ] i n  F i g u r e  2 ,  s e e  B u d a k  a t  a l .  ( 1 9 6 5 ) ,  M o i s e y n k o  e t            ε+ε Mu,
al. (1965), Meyer (1973), Bonacina et al. (1973), 
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The smoothing approach is  just i f ied in  pract ice by the fact                         
that  most  mater ials  contain a  cer tain amount  of  impuri ty  and                  
so the phase change occurs  over  a  range and not  a t  a  point .  
Alternat ively,  u  may be regarded as  a  funct ion of  H and              
s tandard data  for  u(H) may be used,  Albasiny (1956),  Longworth  
in  Ockendon (1975,  p.54) .  Otherwise the defini t ion proposed  
by Rose (1960) and At they (1974) is '  needed 
 
)1p
,ttanconsc(
.LCuH,C/)LH(u
,LcuHcu,uu
,CuH,c/Hu
M
MMM
M
≡⎪⎭
⎪⎬
⎫
+>−=
+≤≤=
≤=
    (2.5) 
From a numerical  point  of  view,  this  is  preferable  to  using H(u)               
where small  changes in  u produce large changes in  H near   i f                    Mu
L is  large. Also,  Bonacina et  a l .  (1973) have found that  the               
magnitude e  of  the assumed range of  phase change temperatures  can 
appreciably effect  the resul ts ,  see Furzeland (1977,  Ch.5) .  
One-phase problems can be t reated in a  s imilar  way by               
extending the defini t ion of  u to  a  f ixed two-phase domain in which            
the usual  two-phase equat ions hold but  c(u)  0≡ ,   p(u)   0  in  the  ≡
new phase, see Budak et al.  (1965). Complications arise if uM is a function 
of  x ,  and,  as  yet ,  this  problem has not  been t reated.  The non-l ineari ty ,  
associated with k(u)  can be removed by introduct ion of  the ' f low 
temperature '  or  'conduct ivi ty potent ial '  funct ion given by             ,d)(ku ξ∫ ξ
see Albasiny,  Longworth,  and Furzeland (1977,  Ch.5) .  
The discont inuous and non-l inear  nature  and lack of  
different iabi l i ty  of  the enthalpy formulat ions suggests  the use of              
the  concept  of  a  weak solut ion of  the Stefan problem whereby the 
problem is  reformulated as  an integral  involving no der ivat ives  of  
12 
u, rather than as a differential relation. The weak solution                             
for (2.1) can be derived by multiplying (2.1) by an arbitrary                            
test function φ ,  defined on D, which is twice continuously                  
differentiable with respect to the space variables and once  
with respect to time and which is such that 
 
 ⎭⎬
⎫
ε=φ
∂ε=φ
.Dx,0)t,x(
,Dx,0).t,x(
       ( 2 . 6 )  
 
Integration of the resulting equation throughout D and for                                    
0 < t  < T, followed by integration by parts and use of the                     
condi t ions  
 
⎭⎬
⎫
==
∂ε=
.0t,)x(uu
,Dx,)t,x(gu
0
       (2 .7)  
g ives ,  the  in tegra l  (weak  or  genera l i sed)  formula t ion  
.xd)0,x()u(Hdtxd
n
kgdtxd}Q
t
)u(H)k(u{ D 0
T
0 D
T
O φ∫−∫ ∫ ∂
∂φ=φ+∂
φ∂+∫ ∫ φ∇∇ ∂  
           (2 .8)  
Existence and uniqueness theorems for weak solutions of this type             
in multi-dimensional, multi-phase problems have been given by kamenomostskaja 
(1961), Oleinik (1960), Friedman (1968) and Rubinstein (1971). Fasano and 
Primicerio (1975) have used the weak solution formulation to give a stability 
theorem for problems with sharply changing temperature-dependent coefficients. 
The convergence of numerical schemes to the weak solution, despite the 
d iscont inu i t ies  in  u  across  the  MB,  i s  d i scussed  in  sec t ion  4 .  
 
Integral  formulat ions such as  (2 .8)  can also be developed                 
s tar t ing from the class ical  problem (1.17)  ra ther  than the enthalpy                 
form (2.1) ,  -  for  an appl icat ion of  this  to  a  f ini te-element  method 
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see Bonnerot  and Jamet  (1974,  1977) .  The theoret ical  propert ies               
of  weak solut ions are  useful  in  cases  where the exis tence and             
uniqueness  of  the class ical  solut ion cannot  be proved e .g .  for                     
mult i -dimensional  problems,  Fr iedman (1968);  for  'mushy’  regions,               
At they (1974) ,  when phases  disappear  regenerate) ,  Fr iedman (1968) ,  
Tayler  in  Ockendon (1975,  p .120);  for  non-l inear  problems,  see            
equat ion (1.10)  and associated references .  
The classical  formulat ion of  MBPs can also be expressed in                 
terms of  var ia t ional  inequal i t ies .   Consider  the one-phase MBP with 
implic i t  MB condi t ions:-  
 ,Tt0,Dx,Qu
t
U
1
2 <<ε+=∂
∂ ∇               (2.9) 
 ,Tt0,Dx,)t(gu 1 <<∂ε=              (2.10) 
                (2.11) ,0t,)x(uu 0 ==
 
)12.2(
13)..2(T.  <  t < 0    0,=t), ( f MB on the 0
n
U
0U
⎪⎭
⎪⎬
⎫
=∂
∂
=
            
I f  g  ≥ Q  i s  s u c h  t h a t  and0u,0 0 ≥ practicala(0Qut
u 2 ≥−∇−∂
∂  
example of  this  is  the oxygen diffusion problem of  Crank and Gupta 
(1972a) ) ,  and  the  def in i t ion  of  u  i s  ex tended  to  the  whole  f ixed   
domain D by 
    ,Tt0,DnDx,0u 22 <<∂∩ε≡           (2.14)
  
then  i t  i s  easy  to  show tha t  u  a l so  sa t i s f i e s  the  pa rabo l ic                     
var ia t ional  inequal i ty  
     ,)u,Q()u,u(a)u,
t
u( −φ≥−φ+−φ∂
∂         (2 .15)  
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for  a l l   on  )t(g:)D(H{)t(k 1 =φεφ≡εφ ,}0,Don0,D 21 ≥φ∂=φ∂               
where  K( t )  i s  the  space  of  t ime-dependent  cons t ra in ts .  In  (2 .15)  
(.  ,   .)  and a(. ,  .) are the inner products  
 
      ∫ φ=φ D ,xdu),u(               (2.16) 
 ,xdu),u(a
D
φ∇∇=φ ∫               (2.17) 
and  H 1 (D)  i s  the  Sobolev  space  fo r  φ  and  i t s  f i r s t  space  de r iva t ives  
b e i n g  s q u a r e  i n t e g r a b l e  o v e r  D .  T h e o r e t i c a l  p r o p e r t i e s  o f  s u c h  
s o l u t i o n s  a r e  d i s c u s s e d  i n  B r e z i s  ( 1 9 7 2 ) ,  B e n s o u s s a n ,  L i o n s  a n d  
P a p a n i c o l a o u  ( 1 9 7 5 ) ,  E l l i o t t  ( 1 9 7 6 ) .  I n t e g r a t i o n  o f  ( 2 . 1 5 )  w i t h                
r e s p e c t  t o  t i m e  g i v e s  t h e  c o r r e s p o n d i n g  w e a k  f o r m ,  s e e   
Brezis ,  El l iot t  
2
o
2
T
0
u)0(2
1)T(u)T(
2
1dt)u,(a)u,
t
( −φ−∫ −φ≥⎥⎦
⎤⎢⎣
⎡ −φφ+−φ∂
φ∂ .  
                 (2 .18)  
The inequalit ies (2.15) or (2.18) can also be expressed in 
d i f f e r e n t i a l  r a t h e r  t h a n  i n t e g r a l  v a r i a t i o n a l  f o r m  a s  
 
⎪⎪⎭
⎪⎪⎬
⎫
≥≥−∇−∂
∂
=−∇−∂
∂
,0u,0Qu
t
u
,0u)Qu
t
u(
2
2
     (2.19) 
see Brezis,  Bensoussan et  al ,  Ell iott .  Inequality (2.19) is  a  
continuous linear complementarity problem which, on suitable discretisation, 
leads to a quadratic programming (minimisation) problem at each time level,  
with simple constraints consisting of bounds on the variables, see Elliott .  
 
A corresponding var ia t ional  inequal i ty  (and complementar i ty  
problem) can be developed for  problems with the class ical  MB condi t ion 
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(1 .22)  as  proposed by Duvaut  (1973)  for  the one-phase problem 
,)x(t,u
t
u 2 l>∇=∂
∂        (2 .20)  
,)x(t,0u l≤≡        (2 .21)  
,Dx,0)t(gu 1∂ε>=       (2 .22)  
0t,0)x(uu o =>=        ,          (2 .23) 
  ,)x(ton
Lu
0u
l
l
=
⎪⎭
⎪⎬
⎫
−=∇∇
=          (2 .24)  
     (2 .25)  
where the condi t ions t  greater  than or  less  than l (x)  are                  
equivalent  to  x  belonging to  D 1  x  or  D2 ( i .  e .  the MB curve f  ( x , t )=0             
i s  the  funct ion t  = )x(l  ,  the  t ime at  which x  is  f i rs t  in   )0u(D1 >
given that  i t  i s  in i t ia l ly  in  D2(u ≡0) ,  e .g .  the mel t ing ice  problem                
D1  = water ,  D2  = ice .  
Duvau t  used  the  Ba iocch i  ( see  FB re fe rences )  type  t r ans format ion                
of u 
⎪⎭
⎪⎬
⎫
≤=
>= ∫
,)x(t,0v
,)x(t,dt)t,x(u)t,x(v
t
)x(
l
l
l               (2.26) 
t o  t r a n s f o r m  t h e  e x p l i c i t  M B  c o n d i t i o n  ( 2 . 2 5 )  i n t o  t h e  i m p l i c i t               
form: 
 ,)x(t
0
n
v
0v
l=
⎪⎭
⎪⎬
⎫
=∂
∂
=
             (2.27) 
(2.28) 
Equation (2.20) – (2.23) become 
 ,)x(t,Luu
t
v
o
2 l>−+∇=∂
∂              (2.29) 
,)x(t,0v l≤=             (2.30) 
    .Dx),t(Gdt)t(gv 1
t
0
∂ε≡= ∫                      (2.31)
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The t ransformation (2.26)  is  essent ia l ly  the inverse  of  the                    
t ransformation  see (1.15) ,  given by Schatz  (1969) .  tuv =
The two-phase  problem is  dea l t  wi th  by  a  s imi la r  t ransformat ion ,  
see Duvaut in Ockendon (1975),  Aguirre -  Puente and Frémond (1975)  
w h e r e  ( 2 . 2 6 )  i s  t e r m e d  t h e  ' f r e e z i n g  i n d e x ’ .   T h e  v a r i a t i o n a l   
i n e q u a l i t y  a n d  c o mpl i me n t a r i t y  p r o b l e ms  c o r r e s p o n d i n g  t o  ( 2 . 2 7 ) -  
( 2 . 3 1 )  f o l l o w  a s  b e f o r e .   T h e s e  i d e a s  c a n  a l s o  b e  u s e d  t o  d e v e l o p  
e l l i p t i c   v a r i a t i o n a l  i n e q u a l i t i e s ,  s e e  s e c t i o n  7 .  
E l l i o t t  ( 1 9 7 6 )  h a s  s h o w n  t h a t  d i s c r e t i s a t i o n s  o f  t h e  p a r a b o l i c  
inequal i t ies  der ived from the t ransformations of  Duvaut  are  equivalent            
to  corresponding discret isat ions der ived from the enthalpy formulat ion.  
T h i s  i s  t r u e  fo r  b o t h  e x p l i c i t  a n d  i mp l i c i t  t i me  d i s c r e t i s a t i o n s .  
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3.  Analytical solution techniques
T h e  n e e d  f o r  a n a l y t i c a l  s o l u t i o n s  a r i s e s  w h e n  t h e r e  i s  a  
s i n g u l a r i t y  i n  t h e  r e g i o n  o f  s o l u t i o n  o r  o n  t h e  b o u n d a r y ,  e . g .   
F o x ,  i n  O c k e n d o n  ( 1 9 7 5 ,  p . 2 2 8 ) ,  d i s c u s s e d  t h e  n e e d  f o r  a  s h o r t -       
t i m e  a n a l y t i c a l  s o l u t i o n  i n  t h e  c a s e  o f  d i s c o n t i n u o u s  a g r e e m e n t             
o f  i n i t i a l  a n d  b o u n d a r y  c o n d i t i o n s .  S u c h  s o l u t i o n s  a r e  a l s o  u s e f u l            
i f  o n l y  t h e  s h o r t  o r  l o n g  t e r m  b e h a v i o u r  o f  t h e  s o l u t i o n  i s  
r e q u i r e d ,  o r  i f  a n  i n d e p e n d e n t  c h e c k  f o r  a  n u m e r i c a l  s o l u t i o n         
is needed. 
The  complex i ty  o f  the  MBF means  tha t  on ly  a  few ana ly t i ca l  
s o l u t i o n s  a r e  a v a i l a b l e  i n  c l o s e d  f o r m,  a n d  t h e n  o n l y  f o r  t h e  o n e -
d i me n s i o n a l  c a s e  o f  a n  i n f i n i t e  o r  s e mi - i n f i n i t e  b o d y  w i t h  r e l a t i v e l y  
s imple ini t ia l  and boundary condi t ions and constant  thermal  propert ies .  
Thes e  exac t  so lu t i ons  a r e  u sua l l y  i n  t he  fo rm o f  e r ro r  f unc t i ons  o f            
t he  s imi la r i ty  va r iab le ,  x / t ½  ,  and  a re  known as  Neumann ' s  so lu t ions ,            
see the reviews by Cho and Sunderland (1969), Crank (1975). Corresponding 
s o l u t i o n s  f o r  h e a t  a n d  ma s s  t r a n s f e r  i n  a  s e mi - i n f i n t e  r e g i o n  a r e   
g iven  by  Mikhai lov  (1975,  1976) ,  and  for  the  non- l inear  f i l t ra t ion                    
problem (1.10) by Kamin (1976), Peletier and Gilding (1976). 
Approx imate  ana ly t i ca l  so lu t ions  a re  needed  fo r  more  genera l  
p rob lems  in  f in i t e  r eg ions .  Many  prob lems  have  been  t ack led  by  
r e d u c i n g  t h e  p r o b l e m  t o  a n  i n t e g r a l  e q u a t i o n ,  o r  t o  a  s y s t e m  o f  
i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s ,  o f  V o l t e r r a  t y p e  w i t h  k e r n e l s  c o n s i s t -  
ing of Green’s functions. 
18 
 
Integral  equat ion formulat ions were f i rs t  given by Evans et  a l .  
(1950) who used Laplace transforms to obtain an integral form for the            
solution u(x,t) to a one-phase MBP.  Ockendon (1975) has discussed the use          
of both Fourier and Laplace transforms to develop integral equations  
for u.   Similar equations can be developed for a wide class of problems            
by the use of Green's functions, Rubinstein (1971), Chuang and Szekely 
(1971), Chuang and Ehrxch (1974), Hansen and Hougaard (1974), Chuang et      
a l .  ( 1 9 7 5 ) ,  K a t z  ( 1 9 7 7 ) .   C o l l a t z  ( 1 9 7 7 )  h a s  d e s c r i b e d  h o w  t h e s e  
i n t e g r a l  e q u a t i o n s  m a y  b e  u s e d  t o  f i n d  p r a c t i c a l  e r r o r  b o u n d s .  I f  a  
s e r i e s  s o l u t i o n  f o r  t h e  M B ,  x =  s ( t ) ,  o r  a n  a s y mp t o t i c  e x p a n s i o n  f o r  
s m a l l  o r  l a r g e  t i m e ,  i s  v a l i d  t h e n  s u b s t i t u t i o n  o f  t h i s  i n t o  t h e  
in tegra l  equa t ion  comple tes  the  so lu t ion . In  genera l , a  numer ica l  
solution is needed. 
 
I n t e g r a l  e q u a t i o n s  a l s o  a r i s e  i n  t h e  h e a t - b a l a n c e  ( G o o d ma n ' s )  
in tegra l  method in  which  the  govern ing  equat ion  i s  in tegra ted  wi th  
respec t  to  x  over  each  phase .   Assumpt ion  o f  a  t empera tu re  p rof i l e          
v a l i d  o v e r  t h e  w h o l e  o f  e a c h  p h a s e  r e d u c e s  t h e  s y s t e m o f  i n t e g r a l  
equa t i ons  t o  one  o f  o rd ina ry  d i f f e r en t i a l  equa t i ons  i n  t ,  Goodman  
(1961),  Cho and Sunderland (1969).   The method has been extended to                         
temperature-dependent  thermal  propert ies ,  Imber  and Huang (1973) ,   
and to  two dimensions,  Foots  (1962) ,  Poots  and Rodgers  ( .1976) . Both 
Fox  and  Noble  in  Ockendon  (1975 ,  pp .  208 ,  233)  sugges t  tha t  the  
s i m p l i c i t y  o f  t h e  m e t h o d  m e r i t s  f u r t h e r  a t t e n t i o n ,  p a r t i c u l a r l y   
w i t h  r e g a r d  t o  a  f i n i t e - e l e me n t  me t h o d .   A n o t h e r  me t h o d  i n  t h e  h e a t  -  
b a l a n c e  c a t e g o r y  i s  b a s e d  o n  B i o t ' s  v a r i a t i o n a l  p r i n c i p l e ,  a  
Lag rang i an  fo rmu la t i on  o f  wh ich  l e ads  t o  a  sy s t em o f  o rd ina ry  
d i f f e r e n t i a l  e q u a t i o n s .   T h e  s o l u t i o n  t h e n  p r o c e e d s  b y  a s s u mi n g  a  
suitable profile for u, Agrawal in Ockendon (1975, p. 242). 
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I n t e g r o - d i f f e r e n t i a l  e q u a t i o n s  a r i s e  f r o m  u s e  o f  e i t h e r              
t h e  e m b e d d i n g  o r  m o v i n g  h e a t  s o u r c e  m e t h o d s .   B o l e y  ( 1 9 6 1 )  
i n t r o d u c e d  t h e  c o n c e p t  o f  a  f i c t i t i o u s  b o d y  o f  c o n s t a n t  g e o m e t r y         
i n  w h i c h  i s  ' e m b e d d e d '  t h e  r e a l  b o d y  w h o s e  g e o m e t r y  v a r i e s  w i t h  
t i m e .   T h e  f i c t i t i o u s  b o d y  t h e n  h a s  a  f i c t i t i o u s  f l u x ,  f ( t ) ,  
i n t r o d u c e d  o n  t h e  b o u n d a r y .   T h e  p r o b l e m  i s  t h e n  o n e  o f  f i n d i n g            
f ( t )  a n d  t h e  M B  x  »  s ( t )  f r o m  t w o  o r  f o u r  i n t e g r o - d i f f e r e n t i a l  
equat ions,  depending on whether  the problem has one or  two phases .           
T h e s e  e q u a t i o n s  a r e  t h e n  s o l v e d  f o r  s h o r t  t i me  b y  s e r i e s  e x p a n s i o n s           
o r  f o r  l a r g e  t i m e  n u m e r i c a l l y .   S i k a r s k i e  a n d  B o l e y  ( 1 9 6 5 ) ,  B o l e y            
and Yagoda (1969) extended these ideas to two—dimensional problems;            
the  method i s  rev iewed by  Boley  in  Ockendon (1975,  p .150) .   Fer r i ss          
a n d  H i l l  ( 1 9 7 4 )  h a v e  a p p l i e d  t h e  m e t h o d  t o  t h e  o n e - d i m e n s i o n a l ,  
oxygen consumption problem. 
R a t h j e n  a n d  J i j i  ( 1 9 7 1 )  a p p l i e d  t h e  i d e a  o f  u s i n g  a  m o v i n g           
h e a t  s o u r c e  o f  s t r e n g t h  L p d s / d t   o n  t h e  M B  t o  d e t e r m i n e  t h e  
tempera ture  d i s t r ibu t ion  for  the  two-dimens ional  problem of  f reez ing             
i n  a  r i g h t - a n g l e d  c o r n e r  x ,  y  >  0 .   A n  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n          
f o r  t h e  M B  i s  d e r i v e d ,  a n d  a n  a p p r o x i m a t e  s o l u t i o n  o b t a i n e d  b y           
u s i n g  s u p e r h y p e r b o l a e  t o  a p p r o x i m a t e  t h e  M B  p o s i t i o n .   B u d h i a             
a n d  K r e i t h  ( 1 9 7 3 )  e x t e n d e d  t h i s  m e t h o d  t o  a  w e d g e  w i t h  a n g l e  
b e t w e e n  0  a n d  3 6 0 0 .  
A s y m p t o t i c  e x p a n s i o n s  ( o t h e r  t h a n  f o r  i n t e g r a l  o r  i n t e g r o -
d i f f e r e n t i a l  e q u a t i o n  f o r m u l a t i o n s )  c a n  b e  d e v e l o p e d  f o r  l a r g e  o r  
s m a l l  x ,  t  o r  L  ( l a t e n t  h e a t ) .   A s y m p t o t i c  e x p a n s i o n s  f o r  L  a r e  
d i s cus sed  by  Ockendon  (1975 ,  p . 143 ) .   Pe r t uba t i on  so lu t i ons  a r e               
usefu l  in  cer ta in  cases ,  see  Spaid  e t  a l .  (1971) ,  Pedroso  and  Domoto  
(1973), Atthey, Fox in Ockendon (1975, pp.38, 237). 
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4. Numerical solution techniques 
The f ini te-difference (FD) method has  been used extensively           
for  the numerical  solut ion of  MBPs,  see the reviews of  Furzeland             
(1974) ,  and Crank,  Fox in  Ockendon (1975,  pp.  192,  210)  and in   
recent  years  several  f ini te-element  (FE) methods have been proposed.             
The increased speed and s torage capaci ty  of  present  day computers   
has  a l lowed var ious sophis t icat ions to  be t r ied out  with both these 
methods. A collection of computer programs is given in Hoffmann (1977, II).  
The techniques used for  the numerical  solut ion of  MBPs ei ther  
belong to  the class  of  ' f ront- t racking '  methods,  where the posi t ion                  
of  the MB is  predicted along with the solut ion of  the governing equat ions 
in  each phase,  or  they belong to  the class  of  enthalpy and var ia t ional  
inequal i ty  methods where the reformulated governing equat ions are              
solved over  a  f ixed domain and the posi t ion of  the MB is  determined a  
poster ior i .  These methods are  now reviewed in  detai l :   
Front- t racking methods
The two important  features  of  a  f ront- t racking solut ion for               
a  MBF are  the ways in  which approximations are  developed for  the new 
posi t ion of  the MB and for  the der ivat ives  of  the solut ion near  the                
MB. For  example,  consider  the one-phase,  one-dimensional  MBP given           
by equat ion (1.1)  -  (1 .6)  then the Euler  (FD) approximation in  t ime              
for  (1 .6)  gives  the expl ic i t  scheme for  the new posi t ion of  the MB 
            (4 .1)  ,Dut)t(s)t(s )n(n1n δ−=+
where  is  the t ime at  the nth level ,  n=0,  1 ,  2 ,  . . . ,  and                           tnt n δ=
Du    denotes  the FD or  FE approximation for                   )n( ).t(sxatx/u n=∂∂
In  pract ice ,  the  0(δ t )  accuracy of  this  scheme is  usual ly  suff ic ient ,                 
as  long as  6t  is  reasonably small .  
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Alternatively, an implicit scheme such as 
,}DuDu{t
2
1)t(s)t(s )1m()n(n1n ++ +δ−=          (4.2) 
where an i terat ive scheme is  used to  successively approximate  the 
unknown Du    ,  can be employed,  Bonnerot  and Jamet  (1974) .   Since             
th is  involves  resolving (1.1) at  each i terat ion,  even just  two                    
i terat ions (a  predictor-corrector  scheme) would be very expensive.                   
I f  necessary,  an 0(( )tδ 2 )  approximation for  ds/dt  can be developed             
f rom the three-point ,  backward ( implici t )  di f ference scheme 
)n(2nrnn tDu2)t(s)t(s4)t(s3 δ=+− −−      (4 .3)  
as  ment ioned by Meyer  (1976) .  
Often i t  i s  more important  to  approximate Du    accurately.                           )n(
I f  a  f ixed gr id  spacing .......,,2,1,0i,ihxi ==  i s  used then,  in                                 
general ,  the  MB fal ls  in  between two gr id  points  and this  unequal              
spacing near  the MB great ly  diminishes  the accuracy with which Dú             )(π
can be computed.   I t  wi l l  be  descr ibed la ter  how the gr id  spacing                          
can be arranged so that  the MB coincides  with a  mesh point  and thus 
equal ly  spaced u(x i . )  approximations can be used.   Non-steady,  heat                  
f low or  diffusion depends on  being appreciably different  f rom              22 x/u ∂∂
zero and so 0(h2)  Taylor  ser ies  (FD) approximations for  Du   are  )n(
preferable  ra ther  than 0(h)  ones.   Typical ly ,  a  three-point  end on 
(quadrat ic  extrapolat ion)  formula is  used,  Murray and Landis  (1959) ,  
Lazar idis  (1970) .   On a  coarse  gr id ,  this  extrapolat ion scheme may             
not  a lways give good resul ts  and so Furzeland (1977,  Ch.  4)  proposed            
the  central  difference formula (centred on the MB) for  Du  in               )n(
conjunct ion with use of  (1 .1)  a t  the  MB to el iminate  the ' f ic t i t ious '             
u  value.  This  scheme is  of  an interpolatory nature  and has  a  smaller  
t runcat ion error .   Improved accuracy for  Du( n )  can also be obtained 
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by  r e f i n ing  t he  g r i d  nea r  t he  MB,  C ime n t  and  Guen the r  ( 1974 ) ,  
o r  b y  t h e  u s e  o f  t h e  ' e x t r a p o l a t i o n  t o  t h e  l i m i t '  m e t h o d  o f             
g l o b a l  g r i d  r e f i n e m e n t ,  S c h m i d t  i n  H o f f m a n n  ( 1 9 7 7 ,  I I I ) .  
An a l te rna t ive  formula t ion  of  the  MB condi t ion  (1 .6)  i s   
,dx)t(s0 )t,x(ud
t
0 ),0(u)t(s ∫−τ∫ τ−=               (4.4) 
a s  used  by  Douglas  and  Gal l i e  (1955) ,  and  the  in tegra l s  may  be  
e v a l u a t e d  u s i n g  v a r i o u s  q u a d r a t u r e  s c h e m e s ,  S c h m i d t  ( i b i d ) .  
M B  c o n d i t i o n s  ( 1 . 1 4 )  o f  t h e  i m p l i c i t  ( X - 0 )  t y p e  c a n  b e              
d e a l t  w i t h  b y  t r a n s f o r m a t i o n s  ( 1 . 1 5 )  t o  o b t a i n  t h e  e x p l i c i t                     
( )  f o r m .  A l t e r n a t i v e l y ,  t h e  c o n d i t i o n  ( 1 . 1 3 )  o n  x  =  s ( t )                     0≠λ
m a y  b e  d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  t  ( a s  m a n y  t i m e s  a s  i s                
n e c e s s a r y )  t o  g i v e  a n  e x p r e s s i o n  f o r  d s / d t  i n  t e r m s  o f  h i g h e r  
d e r i v a t i v e s  o f  u ,  e . g .  C r a n k  a n d  G u p t a  ( 1 9 7 2 a )  o b t a i n  
,)t(sxon,3x
u3
dt
ds =
∂
∂=            (4.5) 
for  the oxygen consumption problem, 021 =μ=μ=λ  (113)  
and (1.14) .  
I n  m o r e  t h a n  o n e  d i m e n s i o n ,  t h e  M B  c o n d i t i o n  ( 1 . 2 2 )  c a n               
b e  w r i t t e n  i n  t h e  f o r m  o f  ( 1 . 2 3 )  o r  ( 1 . 2 4 ) .  C o n s i d e r i n g  t h e  t w o -
d i m e n s i o n a l  c a s e  ( 1 . 2 4 ) ,  t h e n  i t  i s  o n l y  n e c e s s a r y  t o  f o r m  
a p p r o x i m a t i o n s  f o r  u / ∂ y  ( r a t h e r  t h a n  f o r  ∂ ∂ u / ∂ x  a s  w e l l )  a t  t h e               
M B  y  =   i n  o r d e r  t o  f i n d  t h e  y  o r d i n a t e  o f  t h e  M B  a t  t i m e                )nt,x(s
1nt +  a l o n g  e a c h  l i n e  .  I n  t h e  t h r e e - d i m e n s i o n a l  c a s e ,  ( 1 . 2 3 )                         ix
c a n  b e  u s e d  t o  f i n d  t h e  z  v a l u e  o f  t h e  M B  a t  1nt +  f o r  e a c h  p o i n t               
( x , y )  o n  z  =  s ( x , y , t n ) .  
F o r  t h e  a p p r o x i m a t i o n  o f  t h e  g o v e r n i n g  e q u a t i o n  a n d  t h e  
p o s i t i o n  o f  t h e  M B  o n  a  f i x e d  g r i d  w h e r e  t h e  M B  x  =  s ( t )  f a l l s  
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b e t w e e n  t w o  g r i d  p o i n t s ,  s e v e r a l  s p e c i a l  F D  s c h e me s  h a v e  b e e n  
p r o p o s e d  t o  d e a l  w i t h  t h e  u n e q u a l  i n t e r v a l s  n e a r  t h e  M B .  C r a n k .  
( 1957 ) ,  w i th  r e cen t  u se  by  Cr ank  and  Gup ta  (1972a ) ,  u sed  an  
e x p l i c i t  F D  me t h o d  w i t h  s p e c i a l  f o r mu l a e  b a s e d  o n  L a g r a n g i a n  
i n t e r p o l a t i o n  n e a r  t h e  M B .  E h r l i c h  ( 1 9 5 8 ) ,  K o h  e t  a l .  ( 1 9 6 9 ) ,  
employed  a  Crank-Nicolson  scheme and  Taylor  expans ions  in  t ime 
a n d  s p a c e  n e a r  t h e  M B .  M u r r a y  a n d  L a n d i s  ( 1 9 5 9 ) ,  u s e d  a n  
e x p l i c i t  F D  m e t h o d  w i t h  3 - p o i n t  e n d - o n  f o r m u l a e  d e v e l o p e d  
f r o m  t h e  f i r s t  t w o  t e r m s  o f  t h e  d i f f e r e n c e  f o r m  o f  t h e  T a y l o r ' s  
e x p a n s i o n  f o r  D u     ( t h e y  a l s o  g i v e  a  v a r i a b l e  s p a c e  s c h e m e ,  s e e  
l a t e r ) .  S a i t o h  ( 1 9 7 2 )  u s e d  b o t h  C r a n k - N i c o l s o n  a n d  f u l l y  i m p l i c i t  
s c h e me s  w i t h  u n e q u a l  f o r mu l a e  n e a r  t h e  M B .  
T h e  p r o b l e m  i n  t w o  d i m e n s i o n s  w a s  f i r s t  t a c k l e d  b y  A l l e n  
a n d  S e v e r n  ( 1 9 6 2 )  w h o  u s e d  a  r e l a x a t i o n  s c h e me  w i t h  i t e r a t i v e  
a d j u s t m e n t  o f  i n i t i a l  g u e s s e s  a t  e a c h  t i m e  l e v e l  f o r  t h e  M B  
p o s i t i o n  s o  a s  t o  f i t  t h e  c o n d i t i o n  Muu =  o n  t h e  M B .  T h e  
p r o b l e m i n  b o t h  t w o  a n d  t h r e e  d i me n s i o n s  h a s  b e e n  s o l v e d  b y  
Laza r id i s  ( 1970 )  who  u sed  exp l i c i t  FD  app rox ima t ions  ba sed  on  
a u x i l i a r y  e q u a t i o n s  a n d  M B  c o n d i t i o n s  s u c h  a s  ( 1 . 2 3 )  a n d  ( 1 . 2 4 )  
n e a r  t h e  M B .  Q u a d r a t i c  p r o f i l e s  a n d  3 - p o i n t  f o r m u l a e  a r e  u s e d  
t o  m a i n t a i n  0 ( h 2 )  a c c u r a c y  o v e r  t h e  u n e q u a l  i n t e r v a l s  n e a r  t h e  
M B .  H o w e v e r ,  t h e  c o m p l e x i t y  o f  s u c h  ' i r r e g u l a r  s t a r ’  F D  s c h e m e s  
c a n  b e  a v o i d e d  i f  t h e  M B  i s  c h o s e n  s o  t h a t  i t  c o i n c i d e s  w i t h  a  
g r i d  p o i n t  o r ,  i n  t w o  d i m e n s i o n s ,  a  g r i d  l i n e .  T o  a c c o m p l i s h  
t h i s  ma ny  me thods  have  been  p roposed :  
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( i )  D o u g l a s  a n d  G a l l i e  ( 1 9 5 5 )  c h o s e  e a c h  t i m e  s t e p  δ t  s o  t h a t  
t he  MB a lways  moved  f rom one  g r i d  po in t  t o  ano the r .  A  fu l l y  
implicit  FD scheme was used and i terations for δ t  were calculated f r om 
t h e  i n t e g r a l  f o r m  ( 4 . 4 ) .  D o u g l a s  ( 1 9 6 1 )  l a t e r  s u g g e s t e d  a n  
a l t e r n a t i v e  f o r m u l a  f o r  δ t  w h i c h  a v o i d e d  i t e r a t i o n .  V a s i l e v  
( 1 9 6 4 ) ,  N o g i  ( 1 9 7 4 )  h a v e  e x t e n d e d  t h e  me t h o d  t o  mor e  g e n e r a l  
o n e - d i me n s i o n a l  p r o b l e ms .  
( i i )  M u r r a y  a n d  L a n d i s  ( 1 9 5 9 )  r e f o r m u l a t e d  t h e  g o v e r n i n g  
e q u a t i o n s  s o  t h a t  t h e r e  w a s  a  f i x e d  i n t e g e r  n u m b e r ,  I  s a y ,  o f  
s p a c e  i n t e r v a l s  b e t w e e n  t h e  m o v i n g  a n d  f i x e d  b o u n d a r i e s ,  w h e r e  
I  i s  c o n s t a n t  f o r  a l l  t i m e .  T h e i r  e x p l i c i t  F D  m e t h o d  w a s  e x t e n d e d  
t o  c o v e r  c o n v e c t i o n  p r o b l e ms  b y  H e i t z  a n d  We s t w a t e r  ( 1 9 7 0 ) .  
B o n n e r o t  a n d  J a m e t  ( 1 9 7 4 ,  1 9 7 5 )  u s e d  a  s i m i l a r  v a r i a b l e  s p a c e  
g r i d  w i t h  f i n i t e  e l e m e n t  q u a d r i l a t e r a l s  i n  s p a c e  a n d  t i m e  f o r  t h e  
n o n - r e c t a n g u l a r  ( x , t )  g r i d .  T h e  g o v e r n i n g  e q u a t i o n  w a s  e x p r e s s e d  
i n  w e a k  ( i n t e g r a l )  f o r m  a n d  s o l v e d  u s i n g  n u m e r i c a l  q u a d r a t u r e  a n d  
i s o p a r a m e t r i c  f i n i t e  e l e m e n t s .  T h e  r e s u l t i n g  a p p r o x i m a t i o n s  w e r e  
s h o w n  t o  b e  a  g e n e r a l i s a t i o n  o f  t h e  C r a n k - N i c o l s o n ,  i mp l i c i t  F D  
fo rmu la .  Recen t l y  ( 1977 ) ,  t hey  have  ex t ended  t he  me thod  t o  two-
d i me n s i o n a l  p r o b l e ms  ( s e e  a l s o  F u r z e l a n d  ( 1 9 7 7 ,  C h . 4 ) ) .  
( i i i )   Crank  and  Gupta  (1972b)  used  an  expl ic i t  FD scheme on  a  
un i fo rm g r id  wh ich  moved  w i th  t he  MB;  t he  ma in  bene f i t  o f  t h i s  
wa s  a  smoother  t rack ing  of  the  MB s ince  the  unequal  space  in te rva ls  
were  t ransfer red  to  the  f ixed  boundary .  This  moving  gr id  method 
n e c e s s i t a t e d  i n t e r p o l a t i o n  i n  o r d e r  t o  c a l c u l a t e  u  v a l u e s  f r o m t h e  
o l d  gr id  to  the  new gr id  a t  the  next  t ime s tep .   Gupta  (1973)  
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a v o i d e d  t h e s e  i n t e r p o l a t i o n s  b y  u s i n g  T a y l o r  s e r i e s  e x p a n s i o n s  
i n  time and space. 
( iv )  C iment  and  Guenther  (1974)  used  a  f ixed  space  g r id  wi th  
re f inement  of  the  gr id  near  the  MB such  tha t  the  MB coinc ided  
w i t h  o n e  o f  t h e  r e f i n e d  g r i d  p o i n t s .  A  f u l l y  i m p l i c i t  F D  s c h e m e  
was  used  and  the  t ime  s tep  was  chosen  so  tha t  the  MB d id  no t  
pass  more  than  one  o f  the  coarse  g r id  po in t s .  
( v )  O n e  o f  t h e  m o s t  p o p u l a r  m e t h o d s  h a s  b e e n  t h a t  o f  f i x i n g  
t h e  M B  a t  t h e  s a m e  g r i d  p o i n t  o r  l i n e  f o r  a l l  t i m e  b y  a  s u i t a b l e  
c o - o r d i n a t e  t r a n s f o r m a t i o n .  F o r  e x a m p l e ,  f o r  t h e  M B P  ( 1 . 1 )  -
( 1 . 6 ) ,  t h e  t r a n s f o r m a t i o n  
 ,              (4.6) )t(s/x=ξ
f ixes  the MB at  ξ = 1  for  a l l  t ime.  Equat ions (1 .1)  and (1.6)  
become 
,0t,10.,u
dt
ds
s2
u2
2s
1
t
u <<ξ<ξ∂
∂ξ−
ξ∂
∂=∂
∂         (4.7) 
.0t,1on
dt
dsu
s
1 >=ξ−=ξ∂
∂          (4.8) 
Thus  f ix ing  the  MB i s  a t  the  expense  o f  t r ans forming  the  essen t i a l  
non- l inea r i ty  o f  the  p rob lem to  the  govern ing  equa t ion  (4 .7 )  i n  t he  
fo rm of  coef f i c ien t s  which  a re  func t ions  o f  the  MB pos i t ion  and  
ve loc i ty .  Th i s  non- l inea r i ty  i s  eas i ly  coped  wi th  in  a  numer ica l  
so lu t ion  s ince  s  and  ds /d t  a re  a l ready  known f rom (4 .8 )  be fore  the  
so lu t ion  o f  (4 .7 )  i s  advanced  to  the  nex t  t ime  l eve l . If  the  f ixed  
boundary  i s  a t  in f in i ty ,  r a the r  than  a t  x  =  0 ,  then  (4 ,6 )  becomes  
         (4.9).)t(sx −=ξ
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S u c h  t r a n s f o r m a t i o n s  w e r e  f i r s t  p r o p o s e d  b y  L a n d a u  
( 1 9 5 0 ) ,  a n d  u s e d  i n  F D  s c h e m e s  b y  C r a n k  ( 1 9 5 7 ) ,  L o t k i n  ( 1 9 6 0 ) .  
T h e i r  u s e  i n  o n e - d i me n s i o n a l  p r o b l e ms  h a s  b e e n  r e v i e w e d  b y  
C r a n k  ( 1 9 7 5 ,  p .  3 1 4 ) .  T h e  i d e a  h a s  b e e n  e x t e n d e d  t o  p r o b l e m s  
w i t h  i m p l i c i t  M B  c o n d i t i o n s  b y  F e r r i s s  a n d  H i l l  ( 1 9 7 4 ) ,  t o  
n o n - l i n e a r  p r o b l e ms  b y  M a s t a n i a h  ( 1 9 7 6 ) .  T w o - d i me n s i o n a l  
p r o b l e m s  h a v e  b e e n  t r e a t e d  b y  S p a i d  e t  a l .  ( 1 9 7 1 ) ,  D u d a  e t  a l .  
( 1 9 7 5 ) ,  F u r z e l a n d  ( 1 9 7 7 ,  C h . 4 ) *  w h o  u s e  t r a n s f o r m a t i o n s  s u c h  
a s  
,)t,x(s/y=η           (4.10) 
f o r  t h e  M B  y  =  s ( x , t ) .  F u r t h e r  a p p l i c a t i o n s  o f  t h e  m e t h o d  
a r e  d i s c u s s e d  i n  H o f f m a n n  ( 1 9 7 7 ,  I I I ,  p p .  4 , 4 9 , 9 1 ) .  
( v i )  T h e  a b o v e  c o - o r d i n a t e  t r a n s f o r m a t i o n s  a r e  j u s t  s i m p l e  
e x a mp l e s  o f  t h e  g e n e r a l  i d e a  o f  t r a n s f o r mi n g  a  c u r v e d - s h a p e d  
r e g i o n  i n  t w o  o r  m o r e  d i m e n s i o n s  i n t o  a  f i x e d ,  r e c t a n g u l a r  
( s a y )  d o m a i n .  S u c h  t r a n s f o r m a t i o n s  m a y  b e  c a r r i e d  o u t  b y  a  
v a r i e t y  o f  b o d y - f i t t e d ,  c u r v i l i n e a r  c o - o r d i n a t e  m e t h o d s  w h i c h  
a r e  d e t e r m i n e d  b y  t h e  n u m e r i c a l  s o l u t i o n  o f  a  s e t  o f  s u b s i d i a r y  
e q u a t i o n s .  T h e s e  i d e a s  h a v e  b e e n  a p p l i e d  t o  t h e  s o l u t i o n  o f  
t w o  d ime ns iona l  MBPs  by  Fu rze l and  ( i b id ) .  The  u se  o f  con fo rma l  
t r a n s f o r ma t i o n s  f o r  t w o - d i me n s i o n a l  p r o b l e ms  h a s  b e e n  d i s c u s s e d  
by  Go lds t e in  and  Sega l  ( 1970 ) ,  Kroege r  and  Os t r ach  (1974 ) .  
( v i i )  A  s i m i l a r  i d e a  t o  ( v i )  i s  t h a t  o f  a  s u i t a b l e  c h a n g e  o f  
d e p e n d e n t  w i t h  i n d e p e n d e n t  v a r i a b l e s  s o  t h a t  t h e  c u r v e d  M B  
b e c o m e s  a  s t r a i g h t  l i n e  i n  t h e  n e w  p l a n e .  T h i s  c o n c e p t  h a s  
b e e n  i s e d  i n  f l o w  p r o b l e m s  w h e r e  t h e  c u r v e d  f r e e  s t r e a m l i n e ,  
*  Avai lable  as  Technical  Report  TR/77,  Department  of  Mathematics ,  
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ψ  =  c o n s t a n t ,  i n  t h e  ( x , y )  p l a n e  b e c o m e s  a  s t r a i g h t  l i n e  i n  
t h e  ( ,ψ )  p l a n e ,  φ φ  a n d  ψ  b e i n g  h a r m o n i c  c o n j u g a t e s †  ,  a l s o  
w h e r e  t h e  n e w  i n d e p e n d e n t  v a r i a b l e s  a r e  ,y/uq,x/up ∂∂=∂∂=  
a s  i n  t he  hodog raph  me thod ,  C rye r  (FB ,  1976 ) ,  o r  whe re  t he  
s t r e a m  f u n c t i o n  ψ ( x , y )  i s  t r a n s f o r m e d  i n t o  a  r e l a t i o n s h i p  
expressing y as a function of ψ  and x† †. 
This  l a s t  idea  has  been  app l ied  to  MB prob lems  and  i s  
known as  the isotherm migration method'(IMM) . In one dimension, 
the  MBP (1 .1 )  -  (1 .6 )  i s  r ewr i t t en  so  tha t  x (u , t )  becomes  the  
dependen t  va r iab le .   Us ing  (1 .2 ) ,  equa t ion  (1 .1 )  and  (1 .6 )  
become 
,0t,1u0,2u
x2
2
u
x
t
x <<<
∂
∂−
⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂=∂
∂         (4.11) 
.0t,0u,
1
u
x
dt
ds >=
−
⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂
∂−=        (4.12) 
T h e  n o n - l i n e a r  e q u a t i o n  ( 4 . 1 1 )  c a n  b e  r e a d i l y  s o l v e d  u s i n g  a n  
e x p l i c i t  F D  s c h e me .  C r a n k  a n d  P h a h l e  ( 1 9 7 3 )  ,  t o  c a l c u l a t e  t h e  
way in  which  an  i so therm ( f ixed  u)  moves  through the  medium.  
Crank  and  Gupta  (1975)  have  ex tended  the  method  to  two  
d i m e n s i o n s  b y  r e w r i t i n g  t h e  p r o b l e m  a s  y  =  y ( u , x , t ) .  C r a n k  
and  Crowley  (1977)  have  recen t ly  p roposed  a  nove l  approach  fo r  
mult i -dimensional  MBPs by t racking the movements  of  the isotherms 
a l o n g  t h e  f l o w  l i n e s  w h i c h ,  i n  a n  i s o t r o p i c  m e d i u m ,  a r e  
o r t h o g o n a l  t o  t h e  i s o t h e r ms .  T h e y  u s e  e x p l i c i t  F - D  t o  s o l v e  a  
loca l ly  one-d imens iona l ,  IMM form of  the  rad ia l  hea t  conduct ion  
 †   A.  Thorn and C.J .  Apel t  (1961) ,  "Field Computat ions in  
Engineer ing and Physics" ,  van Nostrand.  
†† J.D.  Boadway  (1976),   Int .J .Num.Math.Engng. 10, 527 - 533. 
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e q u a t i o n  a n d  c a t e r  f o r  t h e  c h a n g i n g  s h a p e  a n d  o r i e n t a t i o n  o f  
t h e  or thogonal  sys tem by  a  geometr ic  procedure .  
F r o n t - t r a c k i n g  m e t h o d s  o f  d i f f e r e n t  n a t u r e  a r e  r e q u i r e d  
i f  t h e  p r o b l e m  i s  f i r s t  d i s c r e t i s e d  w i t h  r e s p e c t  t o  t i m e  
( ' t h e  m e t h o d  o f  l i n e s ' ) .  I n  o n e  d i m e n s i o n ,  t h i s  r e d u c e s  t h e  
p r o b l e m  t o  a  s e q u e n c e  o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  w i t h  
f r e e  b o u n d a r i e s .   T h e  s o l u t i o n  o f  t h e  p r o b l e m  c a n  t h e n  b e  
e x p r e s s e d  i n  a n  i n t e g r a l  f o r m  a n d  s o l v e d  n u m e r i c a l l y  t o  g i v e  
t h e  p o s i t i o n  o f  t h e  b o u n d a r y  a t  e a c h  t i m e  s t e p ,  S a c k e t t  
( 1 9 7 1 a , b ) ,  G e o r g e  a n d  D a m l e  ( 1 9 7 5 ) .  A l t e r n a t i v e l y ,  t h e  
r e d u c e d  p r o b l e m  c a n  b e  s o l v e d  b y  t h e  m e t h o d  o f  i n v a r i a n t  
i m b e d d i n g ,  M e y e r  ( 1 9 7 0 ,  1 9 7 2 ,  1 9 7 5 a ,  b ) . T h e  m e t h o d  c a n  
b e  e x t e n d e d  t o  t w o  d i m e n s i o n s  b y  w o r k i n g  i n  a l t e r n a t i n g  
d i r e c t i o n s  a l o n g  e a c h  c o - o r d i n a t e  i n  t u r n ,  M e y e r  ( 1 9 7 7 ) ,  
a n d  i s  s u i t a b l e  f o r  u s e  w i t h  g e n e r a l ,  n o n - l i n e a r  M B  
c o n d i t i o n s .  
E n t h a l p y  a n d  v a r i a t i o n a l  i n e q u a l i t y  ( f i x e d  d o ma i n )  me t h o d s
T h e  p o l i c y  o f  u s i n g  f r o n t - t r a c k i n g  m e t h o d s  t o  f o l l o w  
t h e  M B  e x p l i c i t l y  i s  n o t  a l w a y s  a  g o o d  o n e  s i n c e  a n  a  p r i o r i  
a s s u mpt i o n  w i t h  s u c h  me t h o d s  i s  t h a t  t h e  M B  v a r i e s  s mo o t h l y            
o r  m o n o t o n i c a l l y  w i t h  t i m e .  T h i s  i s  n o t  a l w a y s  t h e  c a s e ,  
p a r t i c u l a r l y  i n  mor e  t h a n  o n e  d i me n s i o n ,  f o r  t h e  M B  ma y  h a v e  
s h a r p  p e a k s ,  o r  d o u b l e  b a c k ,  o r  e v e n  d i s a p p e a r .  T h e  a l t e r n a t i v e  
i s  t o  e s s e n t i a l l y  i g n o r e  t h e  M B  p o s i t i o n  b y  s o l v i n g  t h e  
re formula ted  problems g iven  in  sec t ion  2-over  a  f ixed  domain .  
T h e  e n t h a l p y  me t h o d  c a n  b e  a p p l i e d  w i t h  a  s mo o t h e d  
e n t h a l p y  f u n c t i o n  H ( u ) ,  s e e  ( . 2 . 3 )  a n d  F i g u r e  2 ,  o r  i n  t h e  
d i s con t i nuous  fo rm u (H) ,  s ee  (2 .5 )  and  F igu re  3 .   The  smoo thed  
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H ( u )  a p p r o a c h  w a s  f i r s t  a p p l i e d  t o  m u l t i - d i m e n s i o n a l  M B P s  
b y  B udak  e t  a l .  ( 1965 ) ,  Mo i seynko   and  Sama r sk i i  ( 1965 ) ,   
who used  var ious  order  smooth ings  and  loca l ly  one-d imens iona l  
FD methods ,  two d imens iona l , impl ic i t  FD and  FE schemes  wi th  
successive over-relaxation were given by Couch et  al .(1970),  Ell iott  (1976),  
M e y e r  ( 1 9 7 3 / 6 ) . T h r e e - t i me  l e v e l ,  F D  a n d  F E  s c h e me s  h a v e  b e e n  
u s e d  b y  B o n a c i n a  e t  a l .  ( 1 9 7 3 ) ,  C o m i n i  e t  a l .  ( 1 9 7 4 ) ,  F i s h e r  
a n d  M e d l a n d  ( 1 9 7 4 ) .  C o n v e r g e n c e  r e s u l t s  f o r  t h e  F D  s c h e m e s  
t o  weak  so lu t i ons  have  been  g iven  by  Kame nomos t ska j a  ( 1961 ) ,  
O l e i n i k   ( 1 9 6 0 ) ,  M e y e r  ( 1 9 7 3 ) .  
T h e  d i s c o n t i n u o u s  f o r m  u ( H )  w a s  p r o p o s e d  b y  A t t h e y  
( 1 9 7 4 )  w h o  u s e d  e x p l i c i t  F D s  f o r  a  o n e - d i m e n s i o n a l  p r o b l e m  
w i t h  a  ' m u s h y ' r e g i o n .  T h e  m e t h o d  h a s  b e e n  e x t e n d e d  t o  t w o -         
dimensional problems using explicit and implicit FDs by Furzeland (1974,1977, 
Ch.5), Crowley (1976), a n d  u s i n g  F E s  b y  H o d g k i n s  i n  O c k e n d o n             
( 1 9 7 5 ,  p . 2 6 ) .   I m p l i c i t  F D  s c h e m e s  h a v e  b e e n  g i v e n  b y  F e d o r e n k o  
( 1 9 7 5 ) ,  L o n g w o r t h  i n  O c k e n d o n  ( 1 9 7 5 ,  p .  5 4 ) ,  S h a m s u n d a r  a n d  
S p a r r o w  ( 1 9 7 5 ) .  C i a v a l d i n i  ( 1 9 7 5 )  i n t r o d u c e d  t h e  u s e  o f  t h e  
u ( H )  e n t h a l p y  f o r m u l a t i o n  a n a l o g o u s  t o  ( 2 . 1 )  
,QA
t
+φΔ=∂
φ∂         (4.13) 
where                   (4.14) .)(HAu 1 φ=φ= −
C i a v a l d i n i  d i s c r e t i s e d  t h e  w e a k  f o r m  o f  ( 4 . 1 3 )  b y  a  q u a d r a t u r e  
r u l e  a n d  s o l v e d  t h e  r e s u l t i n g  p r o b l e m  u s i n g  b o t h  e x p l i c i t  a n d  
i mp l i c i t  F E  s c h e me s .   C o n v e r g e n c e  p r o o f s  f o r  t h e  e x p l i c i t  F D  
and FE schemes were given by Atthey and Ciavaldini ,  and for  the 
implicit  schemes by Jerome (1976),  Schafer in Hoffmann (1977, III) .
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A n o t h e r  f i x e d  d o m a i n  a p p r o a c h  i s  t h e  ' t r u n c a t i o n  m e t h o d '  
p roposed  by  Berger  e t  a l . (1975a)  fo r  one-phase  p rob lems  wi th  
implici t  MB condi t ions.  They considered the oxygen c o n s u m p t i o n  
p r o b l e m  ( s e e  s e c t i o n  5 )  w h e r e  u  m u s t  b e  p o s i t i v e  a n d  e q u a l s  
z e r o  o n  t h e  M B .  T h e  p r o b l e m  i s  s o l v e d  w i t h  e i t h e r  F D  o r  F E  
m e t h o d s  o v e r  a  f i x e d  d o m a i n  ( 0 , b )  w i t h  u  =  0  a t  b .  T h e  
p o s i t i o n  o f  t h e  M B  i s  t h e n  g i v e n  b y  t h e  n o d e s  a t  w h i c h  u  =  0 ,  
a n y  n e g a t i v e  v a l u e s  b e i n g  s e t  ( t r u n c a t e d )  t o  z e r o † .  T h e  m e t h o d  
h a s  b e e n  e x t e n d e d  t o  t w o - p h a s e  p r o b l e ms  b y  a l t e r n a t i n g  t h e  u s e  
o f  t h e  t r u n c a t i o n  m e t h o d  i n  e a c h  p h a s e ,  B e r g e r  e t  a l .  ( 1 9 7 5 b ) ,  
a n d  h a s  b e e n  u s e d  f o r  s o l v i n g  v a r i a t i o n a l  i n e q u a l i t i e s  s u c h  a s  
( 2 . 1 5 )  a n d  ( 2 . 1 9 )  w h e r e  u  ≥  0 ,  B e r g e r  ( 1 9 7 6 ) .  
E l l i o t t  ( 1 9 7 6 ) ,  u s i n g  F E  m e t h o d s ,  h a s  e x p r e s s e d  t h e  
v a r i a t i o n a l  i n e q u a l i t i e s  o f  s e c t i o n  2  i n  t e r m s  o f  q u a d r a t i c  
programming problems which  can  be  so lved  us ing  pro jec ted ,  
s u c c e s s i v e  o v e r - r e l a x a t i o n  o r  c o n j u g a t e  g r a d i e n t  m e t h o d s .  
H e  h a s  n o t e d  h o w  t h e  M B  p o s i t i o n  w i t h  f i x e d  d o m a i n  m e t h o d s  
c a n  b e  l o c a t e d  m o r e  a c c u r a t e l y  t h a n  j u s t  b e t w e e n  t w o  g r i d  
p o i n t s '  b y  u s i n g  q u a d r a t i c  e x t r a p o l a t i o n  b a s e d  o n  t h e  l a s t  
t w o  g r i d  p o i n t s  i n  c o n j u n c t i o n  w i t h  t h e  M B  c o n d i t i o n s .  
E . g .  f o r  u  =  u /∂ ∂ x  -  0  a t  x  =  s ( t )  t h e n  
 }1)1Iu/2Iu(/{hh)1I(s 2
1
−−−+−=       (4.15) 
f o r  t h e  l a s t  t w o  g r i d  p o i n t s   T h i s  c a n  a l s o  b e  .1Ix,2Ix −−
car r i ed  over  to  two  d imens ions  by  work ing  a long  one  co-o r d i n a t e  
l i n e .  
† This method has also been used in two dimensions, Evans and Gourlay (1977). 
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 5.  Numerical comparisons
 I n  o n e  d i m e n s i o n ,  a s  d e s c r i b e d  i n  s e c t i o n  3 ,  t h e r e  a r e  
e x a c t  ana ly t ica l  so lu t ions  ava i lab le  for  compar ison  wi th  numer ica l  
so lu t ions .  For  the  mel t ing  i ce  p rob lem,  Crank  and  Phah le  (1973)  
have  g iven  compar isons  of  the  exac t  so lu t ion  wi th  the  IMM, hea t -
ba lance  (Goodman) ,  and  Lagrangian  in te rpola t ion  methods .  For  non-
l inea r  p rob lems ,  Hof fmann  (1973 ,  I I I )  has  g iven  severa l  cons t ruc ted  
(exac t )  so lu t ions  for  compar isons  wi th  h is  numer ica l  methods .  
 In  two dimensions,  constructed solut ions are  usual ly  needed 
to  se rve  as  exac t  so lu t ions  for  numer ica l  compar isons ,  see  Ciava ld in i  
(1975) ,  Meyer  (1976,  1977) .  The approximate analyt ical  solut ions 
d e s c r i b e d  i n  s e c t i o n  3 ,  a n d  t h e  e x p e r i m e n t a l  r e s u l t s  o f  J i j i  e t  a l .  
(1970) ,  Sai toh (1976) ,  are  a lso useful  for  comparisons.  For  the 
problem of  the inward sol idif icat ion of  a  square pr ism of  l iquid,  
Crowley (1976) has given comparisons between the experimental resul ts  
of  Sai toh and the numerical  resul ts  of  re laxat ion,  f ront- t racking FD, 
IMM and enthalpy methods.  
 In recent years,  the one-dimensional,  oxygen diffusion with 
consumption problem of Crank and Gupta (1972a) has been solved by a 
la rge  number  of  d i f fe ren t  methods  and  i t  i s  thus  su i tab le  for  de ta i led  
numerical  comparisons.  Although the conclusions of such a study tend 
to  be open-ended due to  the number  of  var iable  factors  involved,  they 
do give a  fa i r  indicat ion of  the performance of  each method.  
 In non-dimensional form, the problem is to solve for the 
concen t ra t ion  o f  oxygen ,  c (x , t ) ,  and  the  MB,  x o ( t ) ,  the  equa t ions :  
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T h e  p r o b l e m  h a s  t w o  i n t e r e s t i n g  c h a r a c t e r i s t i c s ,  f i r s t ,  t h e r e  i s  a  
d i s c o n t i n u i t y  i n  t h e  i n i t i a l  a n d  b o u n d a r y  c o n d i t i o n s  ( ∂ c / ∂ x  = - 1 ,  
t  =  0 ;  c / ∂ x =  0 ,  t  >  0  a t  x  =  0)  and  thus  any  numer ica l  so lu t ion  ∂
s t a r t i n g  a t  t  =  0  w i l l  c o n t a i n  ' p e r s i s t e n t '  d i s c r e t i s a t i o n  e r r o r s  
for  a l l  t  ( see  Par t  I ,  re f .  [11] ) .  Second,  the  MB is  moving  towards  
x = 0,  i .e.  the domain of solution is shrinking, and the MB spe e ds  up  
a s  i t  a p p r o a c h e s  x  =  0 .  
 T h e  c o n c e n t r a t i o n  v a l u e s  a t  x  =  0  a n d  t h e  M B  p o s i t i o n  ,  )t(0x
f o r  t h e  g i v e n  t i m e  s t e p  δ t  a n d  g r i d  l e n g t h  h ,  a r e  s h o w n  i n  T a b l e s  1  
a n d  2 .  R e a d i n g  f r o m  l e f t  t o  r i g h t ,  t h e  d i f f e r e n t  m e t h o d s  a r e :  
 (1) FD formulae based on Lagrangian interpolation for the unequal 
in te rva ls  near  the  MB and the  Taylor  se r ies  expans ion  for    )t(x 0
 1Ix,h
1Ic2
1Ix0x −−+−=  the last grid point ,    (5.7) 
Crank  and  Gupta  (1972a) .  These  resu l t s  s t a r t  a t  t  =  0  and  thus  
invo lve  the  pe r s i s t en t  d i sc re t i sa t ion  e r ro r s  ment ioned  ea r l i e r .  
These resul ts  were repeated (1972a)  by s tar t ing at  t  =  0 .0025 
and using the approximate analytical expression, see method.(12), for 
t  ≤0.0020.  Due to  a  for tui tous 'cancel la t ion of  errors '  effect  
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the  ea r l i e r  r e su l t s  seem be t t e r  (when  compared  wi th  the  
ana ly t i ca l  ones ) .  
U n l e s s  s t a t e d ,  t h e  f o l l o w i n g  m e t h o d s  s t a r t  a t  t  =  0 . 0 0 2 5  
a n d  u s e  ( 5 . 7 )  f o r  t h e  M B  p o s i t i o n :  
(2) Heat balance method using a fourth-degree polynomial profile 
for  the  concent ra t ion  and  us ing  the  observed  prof i le  ( see  a l so  
(12)) 
,0xon/t2)t,x(c 2
1 =π−=              (5.8) 
to  g ive  a  d i f fe ren t ia l  equa t ion  for  the  MB which  i s  so lved  
numerically using the Runge-Kutta method, Crank and Gupta 
(1972a).  
(3) Moving  g r id  method  wi thou t  in te rpo la t ion ,  Gupta  (1973) .  
The  moving  g r id  approach  g ives  a  smoother  t r ack ing  o f  the  
f r o n t  s i n c e  t h e  u n e q u a l  i n t e r v a l s  a r e  t r a n s f o r m e d  t o  x  =  0 ,  
however  these  unequa l  in te rva l s  r esu l t  in  l e s s  accura te  
va lues  as  the  MB approaches  x  =  0 .  
(4) Var iab le  space  (Murray  and  Landis )  g r id  us ing  10  in te rva ls  
for  a l l  t ime ,  Gupta  (1973) .  This  g ives  par t icu la r ly  good 
results for large time since h decreases as the domain decreases. 
(5) FE method using linear basis functions and 10 elements, Aral and Yazici 
(1974), no details are given so it  is assumed that the solution 
starts at t  = 0. 
(6) Fixing of the boundary by using the transformation )t(ox/x=η  
solution by a Crank-Nicolson implicit FD scheme and iterations 
based on the method of  ' fa lse  posi t ion '  to  locate  the MB, 
Ferr iss  and Hill (1974) . 
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(7) Embedding method using the fictitious heat flux )t(fx/c =∂∂  
at  x = 1, numerical solution of the resulting integro-differential 
equation with δt = 0.01, Ferriss and Hill (1974). 
(8) FE solution with finer mesh near the MB and  calculated )t(x 0
f rom the  ex t rapo la t ion  scheme (5 .9 ) ,  c . f .  equa t ion  (5 .7 ) ,  
Mi l l e r  and  Mor ton  (1977) .  
1Ix
1Ic
5
12
1Ixox −−+−=   the last grid point.   (5.9) 
 (9) FE so lu t ion  of  the  var ia t iona l  inequal i ty  form of  (5 .1)  -  (5 .6)  
     (5.10) ⎭⎬
⎫
≥+Δ−∂∂≥
=+Δ−∂∂
,01ct/c,0c
0)1ct/c(c
using linear basis functions with h = 0.05 and Crank-Nicolson 
impl ic i t  (FD)  in  t ime  wi th  δ t  =  0 .005 ,  E l l io t t  (1976) . The  
minimisation of (5.10) was carried out using projected successive 
over-relaxation at each time step and the position of the MB was 
found by the extrapolation formula (4.15). 
(10) As (9) but with h =- 0.01, δ t  = 0.001. 
(11) Hansen and Hougaard (1974) developed an integral equation for 
x o ( t )  and  an  in tegra l  formula  for  c (x , t )  us ing  Green ' s  func t ion  
techniques.  The integral  equat ion and formula were solved 
asymptot ical ly  for  smal l  t imes and numerical ly  for  a l l  t ime to  
produce what seem to be the most consistently accurate results,  
particularly for large time. 
(12) Crank and Gupta (1972a) developed an approximate analytical 
solution by assuming that the boundary does not move initially. 
Solving the fixed boundary value problem using Laplace transform 
techniques, and taking the first  terms in the resulting series,  
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gives  the approximation 
,)t2/x(xerfc)t4/2x(exp/t2)2x1(2
1)t,x(cˆ 2
1
+−π−−=     (5.11) 
valid for 'small '  t .  
H a n s e n  a n d  H o u g a a r d ' s  a s y mp t o t i c  e x p a n s i o n  a l l o w s  f o r  t h e  
movement  of  the  MB and can  be  expressed  as  
,})t,x2(E)t,x2(E{/t4)t,x(cˆ)t,x(c 3~ ++−π+          (5.12) 
v a l i d  f o r  1 - x  < <  l - x o ( t )  a n d  w i t h  a  r e l a t i v e  e r r o r  o f  0 ( t ) .  
In  the  above  
.)t4/x(exp
x
1)t,x(E 22 −=               (5.13) 
T h e  a d d i t i o n a l  t e r m s  i n  ( 5 . 1 2 )  a c c o u n t  f o r  t h e  c h a n g e  i n  c  
c a u s e d  b y  t h e  m o t i o n  o f  t h e  b o u n d a r y ,  a n d  s i n c e  t h e s e  t e r m s  
a r e  a l w a y s  ≥  0  f o r  x  a n d  t  >  0 ,  ĉ  p r o v i d e s  a  l o w e r  b o u n d  f o r  
t h e  e x a c t  s o l u t i o n .  
S u r p r i s i n g l y ,  e x p r e s s i o n  ( 5 . 1 2 )  r e m a i n s  g o o d  f o r  l a r g e  t i m e ,  
t h e  e x p o n e n t i a l  t e r ms  E  i n c r e a s i n g  e x t r e me l y  s l o w l y .  T h i s  c a n  b e  
e x p l a i n e d  o n  t h e  p h y s i c a l  g r o u n d s  t h a t  t h e  r e s u l t s  o f  a n  i n s t a n t a n e o u s  
c h a n g e  o f  b o u n d a r y  c o n d i t i o n s  o n  x = 0  a t  t = 0  t a k e  a  l o n g  t i m e  t o  
d i f f u s e  t h r o u g h  t o  t h e  M B .  M o r e  s u r p r i s i n g ,  s t i l l  i s  t h e  f a c t  
t h a t  ( 5 . 1 1 )  i s  c o m p a r a b l e  w i t h  ( 5 . 1 2 )  u p  t o  t  =  0 . 1 5  ( t o  t h e  f o u r t h  
d e c i m a l  p l a c e ) .  P h y s i c a l l y  s p e a k i n g ,  f i x i n g  c  =  0  o n  x  =  1  a n d  f i x i n g  
the  MB means  tha t  the  d i f fus ion  wi th  absorp t ion  p rocess  i s  a l lowed  to  
con t inue  so  tha t  c  becomes  nega t ive  and  th i s  ex t ra  d i f fus ion  accounts  fo r  
t h e  l o w e r  v a l u e s  ĉ  i n  T a b l e  1 .  T h e  r e a d e r  i s  r e f e r r e d  t o  t h e  w o r k s  o f  
Constable and Evans (1975/6),  Murray and Taylor (1977) for a more detailed 
account  of  the  phys ica l  background.  Express ions  (5 .11)  and  (5 .12)  a re  
a l so  reasonable approximations for values of c away from x = 0,  
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e.g. c(0.2, 0.18) = 0.0149, 0.0156, 0.0161 for (5.11), (5.12) and 
method (12) respectively, and for the time to completion te n d   = 0.1963, 
0.1968, 0.1976 (similarily).  
 Berger  e t  a l .  (1975a ,  1976)  have  so lved  th i s  problem us ing  
the  t runca t ion  method ,  and  have  compared  the i r  resu l t s  g raphica l ly  
wi th  those  of  Crank  and  Gupta  (1972a) .  Thei r  t runca t ion  method i s  
based  on  tha t  o f  so lv ing  the  equat ion  over  a  f ixed  domain  0  ≤  x  ≤  1  
wi th  the  nega t ive  va lues  of  c  t runca ted  to  zero  a t  each  t ime leve l .  
The above comments on (5.11) help to explain why this apparently 
crude approximation works so wel l .  El l iot t  a lso solves  the problem 
over  a  f ixed  domain  bu t  the  inequa l i ty  (5 .10)  l eads  to  be t t e r  r e su l t s  
s ince  i t  t akes  in to  account  the  complementar i ty  cons t ra in t  
∂c /∂ t  -  ∆c  +  1  ≥  0  a s  we l l  a s  the  non-nega t iv i ty  cons t ra in t  c  ≥  0 .  
Final ly ,  an enthalpy formulat ion of  the problem has been 
d e s c r i b e d  b y  E l l i o t t  ( p . 8 8 )  a n d ,  s i n c e  d i s c r e t i s a t i o n s  o f  t h e  
en tha lpy  and  va r ia t iona l  inequa l i ty  fo rmula t ions  a re  equ iva len t  
( s e e  t h e  c o mme n t  a t  t h e  e n d  o f  s e c t i o n  2 ) ,  i t  i s  e x p e c t e d  t h a t  
s imi la r  r esu l t s  would  be  ob ta ined .
 
 
 
  
39 
6. A list of practical problems involving MBPs
 (1) Heat conduction
M e l t i n g  a n d  s o l i d i f i c a t i o n  ( me t a l s ,  g l a s s ,  p l a s t i c s ,  e t c . )  
Cho and Sunderland (1969), Ockendon (1975);  ablation and space 
vehicle design, Boley (1961, 1972), Koh. et al.  (1969);  freezing 
and thawing of water/ice - manufacture of ice, preservation of 
foodstuffs, Albasiny (1956), Bonacina and Comini (1974), Fisher 
and Medland (1974); humid porous media, Mikhailov (1975/6), 
Aguirre-Puente and Fremond (1975); moist soils (permafrost), 
Couch et al.  (1970), Meyer et al.  (1972), Meyer (1973); storage 
of thermal enerzv, Shamsundar and Sparrow (1974/5); heat transfer 
at high rates - thermal explosions, Ockendon (1975);  cryosurgery, 
Comini and del Guidice (1976);  icing of a cable, Poots and Rodgers 
(1976); heat conduction with convection, Heitz and Westwater (1970), 
Kroeger and Ostrach (1974). 
 (2)  Chemical and diffusion processes
Corrosion, tarnishing, coating, Crank (1975), Meyer (1975a), 
Peel in Ockendon (1975);  crystallisation, Evans et al.  (1950), 
Chuang and Ehrich (1974); evaporation, condensation, precipitation, 
bubble growth, Bankoff (1966); diffusion flames, Saitoh (1972); 
diffusion by chemical reactions or by discontinuous diffusion 
coefficients, Crank (1975); diffusion of oxygen in absorbing tissue, 
Evans and Gourlay (1977), Constable and Evans (1975/6), Murray and 
Taylor (1977), see also section 5. 
 (3)  Decision theory
Statistical decision theory - optimal stopping times (e.g. for a gambler), 
Breakwell and Chernoff (1964), Sackett (1971b), Kotlow (1973),  Moerbeke 
C1974);  space-ship control, inventory control, Bather and Chernoff (1967), 
Bather (1976). 
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(4) Industrial problems
Glass-melting and growth, Gelder and Guy in Ockendon (1975); thermal 
switching, Crowley (1975). Plastics - Bingham plastic flow, Rubinstein 
(1971). Metals - melting and solidification, Szekely and Themelis (1971), 
Boley (1972), Chuang et al. (1975); casting, Rubinstein (1971), Kroeger 
and Ostrach (1974); precipitation hardening, scrap melting, welding, 
cutting, Ockendon (1975); dip soldering, Tadjbakhsh and Liniger (1964); 
lightning and arc studies, Crowley (1977); oil - Rubinstein (1971), 
Watts (1976), see also permafrost in (1). 
(5) Astrophysics/meteorology/geophysics/nuclear physics
Growth and decay of stars, Eggleton in Ockendon (1975); clouds; 
melting and solidification of rock, Rubinstein (1971); freezing and 
thawing of lakes, polar ice, Stefan (1889), Rubinstein (1971); seepage 
and filtration, Ventcel (1960), see also equation (1.9) and references, 
Ciment and Guenther (1974); geothermal power (e.g. geysers), 
Ockendon (1975); nuclear reactor safety, Boley (1972), Peckover (1977). 
(6) Coupled or non-linear problems
Coupled heat and mass transfer - temperature and moisture content, 
Aguirre-Puente and Fremond (1975), Mikhailov (1975/6);  heat and 
concentration diffusion, Mebditch, Tayler in Ockendon (1975, pp. 112, 
120); temperature and pressure distributions in multi-phase flow, Koh 
et al. (1969);  non-linear governing equations, see equation (1.9) and 
references; functional or non-linear MB conditions, see equation (1.16) 
and references. 
(7) Inverse Stefan problem
Applications to oil  problems, Rubinstein (1971), to space vehicle 
design, Jochum in Hoffmann  (1977, III).  
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7. Free boundary problems
F r e e  b o u n d a r y  p r o b l e m s  ( F B P s )  i n v o l v e  t h e  s o l u t i o n  o f  
a n  e l l i p t i c  ( s t e a d y - s t a t e ) ,  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  
s u b j e c t  t o  a n  u n k n o w n ,  f r e e  b o u n d a r y  ( F B ) .  S u c h  p r o b l e m s  
a r i s e  i n  f l u i d  m e c h a n i c s  ( c a v i t i e s ,  j e t s  a n d  w a v e s ) ,  i n  
p o r o u s  f l o w ,  i n  e l a s t i c  -  p l a s t i c  t o r s i o n  a n d  i n  m a g n e t o -
hydrodynamics. Comprehensive reviews of porous flow problems 
a n d  t h e i r  s o l u t i o n  a r e  g i v e n  i n  B a i o c c h i  e t  a l . ( 1 9 7 3 ) ,  C r y e r  
(1976a) .  For  a  general  survey of  FBPs and the numerical  solut ion,  
see Cryer (1976b). 
The seepage of water through an earth dam (see Figure 4) 
has  rece ived  a  grea t  dea l  o f  a t ten t ion  and  serves  as  a  model  
problem.  In  this  problem water  f rom a higher  reservoir  seeps 
through a  rectangular  ear th  dam to a  lower  reservoir .   A more 
de ta i led  account  of  the  phys ica l  p rocesses  involved  i s  g iven  in  
Baiocchi et  al .  (1973),  Cryer (1976a).  
 
Impervious foundation 
Figure 4.  Seepage through a dam . 
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T h e  m a t h e m a t i c a l  f o r m u l a t i o n  l e a d s  t o  t h e  d e t e r m i n a t i o n  
o f  t h e  v e l o c i t y  p o t e n t i a l  φ   w h i c h  s a t i s f i e s  
φΔ  = 0 in the region R bounded by OABCD ,    (7.1) 
subject to       = H on OA ,         (7.2) φ
,ODon0n/ =∂φ∂                     (7.3) 
         (7.4) ,DConh=φ
         (7.5) ,DCony=φ
with the FB condi t ions 
)7.7(
)6.7(
.ABon
,0n/
,y
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⎫
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T h e  p r o b l e m  c a n  a l s o  b e  f o r m u l a t e d  i n  t e r m s  o f  t h e  h y d r a u l i c  
h e a d  o r  p r e s s u r e ,  s e e  C r y e r .  
The numerical  solut ion of  such problems has  been carr ied out  
using iterative or ' trial FB' methods where, given initial  
approximations  to the FB and the potential ,  the sequences )0(,)0(C φ
})k({,})k(C{ φ are  genera ted  by  so lv ing  (7 .1)  to  (7 .6) ,  and  readjus t ing  
the  FB to  f i t  (7 .7 ) ,  r epea ted ly .  Al te rna t ive ly ,  (7 .7 )  may  be  used  
with  (7 .1)  -  (7 .5)  to  determine  and (7.6)  used to  adjust  the FB.  )k(φ
These ideas were first used with relaxation methods by Southwell (1946), 
and then with finite-difference methods by Cryer (1968, 1970), Aitchison 
(1972), Fox and Sankar (1973), Doha (1977), and with finite-element 
methods, Taylor and Brown (1967). In the works of Cryer, a quadratically 
convergent algorithm is given for the determination of the {C(k)} based 
on an equivalent class of boundary conditions to (7.6) and (7.7). 
Doha (1977) has given numerical comparisons for various finite-difference 
methods of iteratively computing the FB position. He notes that the {C(k )} 
should be determined using total derivatives of φ , considered as a 
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f u n c t i o n  o f  x , y  a n d  C ( k ) ,  s o  t h a t  b o t h  t h e  p o s i t i o n a l  c h a n g e  o f           
t h e  F B  a n d  t h e  e f f e c t  o f  t h e  c h a n g e  i n  d o m a i n  o n  t h e  s o l u t i o n  a r e  
t a k e n  i n t o  a c c o u n t .  
A more  recent  approach ,  which  avoids  the  need  for  i t e ra t ive  
( t r i a l )  F B  m e t h o d s ,  i s  t o  r e f o r m u l a t e  t h e  p r o b l e m  a s  a  v a r i a t i o n a l  
i n e q u a l i t y  o v e r  a  f i x e d  d o m a i n ,  t y p i c a l l y  t h e  e x t e n s i o n  o f  R  t o  
t h e  r e c t a n g l e  Ω  ( O L M D  i n  F i g u r e  4 ) ,  b a s e d  o n  t h e  t r a n s f o r m a t i o n  
due  to  Ba iocch i  (1972)  
       (7.8),d]),x([y
0
)y,x(w ξξ−ξφ∫−=
     for points (x,y) on the boundary OABCD, 
      .R)y,x(for))x(f,x()y,x(w −Ωεφ=     (7.9) 
Appl ica t ions  to  o the r  porous  f low prob lems  a re  d i scussed  in  
Ba iocch i  and  Magenes  (1974) .  The  resu l t ing  va r ia t iona l  inequa l i ty  
h a s  p r o v e d  u s e f u l  n o t  o n l y  f r o m a  t h e o r e t i c a l  p o i n t  o f  v i e w ,  t o  
p rove  ex i s tence  and  un iqueness  o f  a  so lu t ion ,  Bensoussan  and  L ions  
(1974) ,  S tampacchia  (1974) ,  Kinder lehrer  and  S tampacchia  (1975) ,  
bu t  a l so  f rom the  po in t  o f  v iew of  numer ica l  so lu t ions  based  on  
finite-element methods,  Baiocchi et  al .  (1973),  Hunt and Nassif  (1975),  
Ell iott  (1976),  Kikuchi (1977),  Aitchison (1977).  
Al ternat ive methods based on integral  equat ions,  see  references  
in Cryer (1976b),  hodograph transformations,  Maria-sube (1974),  Cryer 
(1976a) ,  have  been  proposed .  Di f f icu l t ies  occur  in  the  numer ica l  
so lu t ion  of  FBPs  near  the  s ingular i ty  tha t  a r i ses  a t  the  ' separa t ion '  
point B between fixed and free boundaries. Aitchison (1972, 1977) used 
complex variable analysis to obtain an expansion for the FB in the 
neighbourhood of B. Doha (1977) studied the singularity at  the 
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s e p a r a t i o n  p o i n t  i n  t h e  p r o b l e m  o f  a x i s y m m e t r i c  c a v i t a t i o n a l  
f l o w  p a s t  a  c i r c u l a r  d i s c ,  F o x  a n d  S a n k a r  ( 1 9 7 3 ) .  A n  a s y m p t o t i c  
e x p a n s i o n  f o r  t h e  s o l u t i o n  n e a r  t h e  s e p a r a t i o n  p o i n t  w a s  
d e v e l o p e d  a n d  u s e d  t o  i m p r o v e  h i s  f i n i t e - d i f f e r e n c e  r e s u l t s .  
P r a c t i c a l  a p p l i c a t i o n s  o f  F B P s  i n  f l u i d  m e c h a n i c s  a n d  
p o r o u s  f l o w  p r o b l e m s  a r e  t h e  s e e p a g e  t h r o u g h  d a m s ,  c a n a l s ,  
d i t c h e s  a n d  w e l l s ,  t h e  r e c l a m a t i o n  o f  l a n d ,  a n d  t h e  w a t e r -
con ing  o f  o i l  we l l s ,  see  Cryer  (1976a) .  Recen t  app l ica t ions  o f  FBPs  
i n c l u d e  t h e  m a g n e t o h y d r o d y n a m i c  e q u i l i b r i a  o f  a  p l a s m a  s u b j e c t  
t o  a  m a g n e t i c  f i e l d  e . g .  i n  n u c l e a r  f u s i o n  r e a c t o r s ,  F i e l d  e t  a l .  
(1977);  the  determinat ion of  the space charge layer  in  semiconductors ,  
Hunt  and Nassif  (1975) .  McGeough and Rasmussen (1974)  have given 
a  quasi-s teady model  for  an electrochemical  machining problem where 
t h e  g o v e r n i n g  e q u a t i o n  i s  e l l i p t i c  ( s t e a d y - s t a t e ) ,  b u t  t h e  e l e c t r o d e s  
change  shape  wi th  t ime.  Numer ica l  and  per turba t ion  so lu t ions  a re  
compared in Christiansen and Rasmussen (1976), McGeough and Rasmussen 
(1976). A numerical  solution based on a variational inequali ty 
formulation has been given by Elliott  (1977).  
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